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SUR LA DISTANOR DE DEUX ENSEMBLES 


PAR 
MAURICE FRÉCHET 
(Université de Strasbourg) 


Introduction —Dans une note “Sur les ensembles mesurables ” 
publiée dans les Comptes Rendus de l'Académie des Sciences, 1923, page 
69, M. Tadé Wazewski obtient un certain nombre de propriétés des 
suites d’ensembles mesurables en appliquant une définition de Ја distance 
de deux ensembles mesurables qu'il attribue à M, Nikodym. 


Je me propose de montrer ici comment les résultat de M. Wazewski 
et de M. Nikodym peuvent être considérés comme cas particuliers de 
propositions que j'üi obtenu précédemment concernant ев ` suites de 
fonctions mesurables. Il suffra pour cela de supposer qu'on limite 
ces propositions au cas- où les fonctions qu'on considére ne peuvent 
prendre que les-valeurs zéro et un. Alors chacune de ces fonctions 
pourra être considérée. comme la “fonction .caractéristique" d'un 
ensemble—mesurable en même temps que Ја fonction—à savoir la 
fonction égale à un sur cet ensemble et nulle en dehors. x 


Distance de deus ensembles.—-Dans certaines théories, l'influence d'un 
ensemble est pour ainsi dire massique ; il importe peu qu'on enlève оп 
qu'on ajoute un point à cet ensemble ; il importe même peu qu'on lui 
enlève ou qu "on lui ajoute une infinité de points pourvu que tous ceux-ci 
restent compris dans un "ensemble de mesure nulle. C'est en упе 
de l’utilisation de nos résultats dans ces théories que. nous allons 
. попа placer. 555 

Nous ayions convenu de considérer deux fonctions comme non 
distinctes lorsqu'elles ne différent que dans un ensemble de mesure 
nulle. Si ces deux fonotions sont les fonctions caractéristiques de 
deux ensembles linéaires E, F, cela revient à dire que l'ensemble des 
points de E qui n’appartiennent pas à F et des points de F qui 
n appartiennent pas à Е est de mesure nulle. 

Ainsi on ne considérera pas comme distincts deux ensembles" Е, F 
tels que и ка 

mesure de [(R—F)--(F—8)]—-0. 
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IT Nous avions défini! la distance de deux fonctions Ко), Фа) 
comme la borne inférieure ( f, ф) de la somme e 
от у 
quand w varie en restent positif, en désignant par m, la mesure - 
extérieure au sens de M. Lebesgue de l'ensemble des points ой | f(«) 
— pe) [> 1. Si fip sont les fonctions caractéristiques de deux ensembles 
E,F on voit que siw 51, m,=0, donc w+m, reste supérieur ou 
égal à un etsi 1>w>0, m, est la mesure extérieure u de l'ensemble 
(E—F)+(F—E) de sorte que w+m,=w-+p est aussi. voisin que l'on 
veut de д en prenant to assez petit. Si l'on suppose ? que l'intervalle 
de définition des fonctions est l'intervalle (0,1), on voit que la borne 
inférieure de w+m,, est égal à р. Finalement ві on convient d'appeler m 
distance de E à Е et de représenter par (E, Е) la distance de leurs 
fonctions caractéristiques, on aura - — - 


- (E, F)=mesure extérieure do [(E—F) + (F—E)] 
Il résulte alors des proprietés dêmontrées' pour la distance ( fh фу. 
que la distance de-deux ensembles jouit des propriétés Suivants. 


-I La condition nécessaire ‘еб suffisante pour-que deux ensembles 


linéaires E, Еле différent chacun de leur ensemble commun que par un' - 


ensemble de mesure nulle est gue leur distance (E, F) soit nulle: 


II Ona tH, Е)= (F, E). Et 81 “Pon substitue АЕ, F deux ensembles 
Е, Е, équivalents ал ail BONS précédent a Е, Е, опа ` 


(E, F,)=(E, Р) 
m Quels que soient Јев ensembles linéaires E, P, G, on a 
| (Е; PE, `@)+(@, F) 

Seulement on -remarquera qe -si notre definition coïncide avec | 
celle де M, Nikodym dans. le сав, 7186 par celui-ci, où les ensembles — 
linéairés considérés sont mesurables, elle subsiste et vérifie encore les 
conditions I, LE, III pour des ensembles linéaires quelconques. | 

Elément-limite.—Dans le mémoire cité pius haut, nous établissions - 
que la classe des fonctions quelconques d’une variable numérique 2 est 
une classe (D), c'est à dire- -qu'on peut y définir- une distance compatible 
avec la définition.de la convergence. des suites de fonctions si l'on a- 


choisi pour celle-ci la convergence en mesure de F. ов générilisée au - 
"сав des fonctions quelconques. . 


1 Bull, Calcutta Math. Вос., Vol. XI, 1921. 


* Dans le сав contraire, on prendrait pour fonction caraotéristique d'un айыл 
une fonction égale sur l'ensemblé à la longueur de l'intervalle. 
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JNous avons donc en somme prouvé une propriété importante d'une 
définition dè Ја convergence introduite précédemment et qui а rendu 
- des services en Analyse. 


Si au contraire, on introduit a priori comme M. Nikodym.une 

. définition dela distance de deux fonctions mesurables, on ne prouve 

pas par là qu'une telle definition est possible ; .cela est: possible dans 

toute classe et d’une infinité de manières ; се qui n’est pas toujours 

- possible c'est de definir une distance compatible avec une définition de 

la limite donnée, Mais inversement on introduit par la même une 

; définition de la convergence d'une suite etilesb utile de voir en qui 
consiste cette convergence, ou ce qui sont ses propriétes. 


D'aprés Ја facon dont nous avons opéré on voit que, si l'on convient 
qu'une suite d'ensembles linéaires E,, E,,...converge vers un ensemble 
. Elorsque Је distance (E, E,) tend vers zéro,on retombe sur un сав 
particulier de la convergence en mesure de F.. Riesz. Comment ве 
traduit-il lorsque Јев fonctions considérées par F. Riesz sont des fonc- 
' tions caractéristiques d'ensemble Р | С 
La condition nécessaire et suffisante pour que Ja distance (E, E,) 
des deux ensembles linéaires E et E,, converge vers zéro avec + est que 
les points de E et de E, qui ne sont pas communs à ces deux ensembles 
puissent être enfermés dans un ensemble dénombrable I, d'intervalles 
dont la longueur totale tend vers zéro avec +. 


Ily alieu de faire remarquer que l'ensemble I, d'intervalles est 
variable aveo n et en outre que sila mesure del, tend vers zéro,. 
l'ensemble commun nux I, n'est pas nécessairement de mesure nulle, 

` Enfin les ensembles limite complet et restreint, С et В, des ensembles 
E,, peuvent aussi différer sur un ensemble de mesure non nulle. 
L'example donné dans le mémoire ‘précédemment cité relalif ап. cas des 
fonctions s'adapte immédiatement au cas des ensembles,  Divisons 
‘l'intervalle fixe J où sont situés les ensembles considérés en 2 intervalles 
égaux J,, J,, puis en 4 intervalles égaux J,, J,, J,, J,, puis en 
huit, et. ' ў ` 

Prenons alors pour ensemble E, l'intervalle J, ; il est manifeste que 
la suite des distances des J, à l'ensemble E vide de tout point tend | yers 
zéro. Pourtout l'ensemble limite complet des J, est constitué par 

, ^ l'intervalle fondamental J tout entier, alors que leur ensemble limite 
restreint est vide comme E. 

Il est par contre toujours possible d'extraire d'une suite d'ensembles 
E, qui convergent en mósure vers un ensemble E une suite particuliére 
-Eni E..,pourlaquelle non seulement les ensembles limites complet 

. eb-resteint de cette suite. particuliére coincident à un ensemble de 
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. 
mesure nulle pràs, mais · encore telle que les ensembles, d'exclusion T, ,, 
І, ,;...80ient chacun compris dans le précédent. A 


En d’autres та. 3l est possible de choisir parmi les E,, une suite, 
particaliére E, ik telle que quel que soit Е il existe une ensemble 
d'intervalles de longueur tolale inférieure à E et en dehors desquels les 
E,, sont identiques (et identiques à E) à partir d'un certain rang. 


* Cette proposition s'obtient immediatement en appliquant su cas 
des fonctions caractéristiques un théorème concernant les suites de 
fonotions .convergeant en mesure, théoréme démontró d'abord par 
Е. Riesz pour les fonctions mesurables et ètendu dans mon mèmoire aux 
fonctions quelconques d'une variable. 


Il résulte en particulier de ce qni précéde que les ensembles limites 
complet -et restreint O' et В, de la suite des E,, sont identiques à un 
ensemble prés de mesure nulle ce qui constitue la proposition IV de 
M. Wazewski. Mais la proposition actuelle est plus precise. 

Enfin la proposition II de M. Wazewski-s’obtient immediatement 
si Гоп applique aux fonctions caractéristiques d'ensembles, le résultat 
démontré dans mon mémoire concernant la condition de convergence 
en mesure d'une suite de fonctions. On peut alors dire que: 


Pour qu'une suite d'ensemble, Е,, E,,..converge en mesure il 
faut et il suffit que quel que soit E la distance (E,, E,,,) de l'un E, 
de ces ensembles à l'un quelconque E,,, des suivants, soit inférieure à 
E quel qné soit p, pour n assez grand. 

Autrement dit, quand on definit la convergence d'une suite done 
sembles par la convergence en mesure, la classe des ensembles linéaires est 
une classe (D) complète. - 

.— D'autre part, j'ai montré ailleurs quelle importance ont pour 

une classe (D) certaines propriétés générales qui permettent d'étendre 
à cette classe un grand nombre de théorèmes de la théorie des ensembles 
linéaires. Etablissons ici certaines de ces propriétés pour la classe des 
ensembles linéaires. . 
D'abord cette classe est évidemment parfaite, Autrement dit 
"e que soit l'ensemble linéaire E il existe un ensemble F distinct de 
Е ап sens adopté plus haut et dont Ја ‘distance à ЈЕ est aussi petite que 
lon veut. T suffit pour former F d'ajouter à E ou de supprimer de 
E, suivant le сав, un intervalle de longueur aussi petite qu'on voudra. 

Ор peut aussi joindre deux éléments d'un même sphéroide par 
un вго de Jordan contenu dans ce sphéroide. 





Autrement dit si l'on considére deux ensembles linéaires И, F dont les 
distances à un ensemble О sont av plus égales à p, il est possible de definir 
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. 
un ensemble linéaire G, dependant d'un paramètre # de sorte que G, =, 
G, =F, que (0, 5o < p pour 0 <t < 1 et enfin tel que (G,, G,’) tende 
vers zéro quand (#—t) tend vers zéro. 
П suffit évidemment de montrer que cela est possible quand l'un des 
eléments E, F ;—F par example—est au centre du sphéroide. Car alors 
il suffira dans le cas général de joindre HAO et C à F. 


Or considérons l'ensemble 
U=(EH—0)+(C—E) 
et l’ensemble U, des points de H—C qui sont situés dans l'intervalle” 
о, $ eb de СЕ qui sont situés dans l'intervalle ($ 1). Ona: 
U, 2 С—Е et U'=E—C ; donc en posant G, =O. E+U, on aura 
| G,=C et G, —E 
D'autre part l'ensemble (C—G,) --(G,—O) se compose de la partie 
de (C— E) comprise dans (0, #) et dela partie de E—O comprise de 
o à & Dono la distance (0, G,) croit constamment ou du moins 
ne décroit pas quand? croit; ses valeurs extrêmes sont о et (C, G,) 
= 0, E) < р. Finalement G, reste bien compris dans le sphéroïde de 
centre C. Enfin, (G,—G,')+(G,,—G,') est un ensemble compris dans 
l'intervalle (£, #), par conséquent Ё 
(G,, 4 )<(#—ђ 
et l'elément С}, dépend continuement де f. 





Done ce qui précóde s'applique à des ensembles linéaires quel- 
conques. Nous voyons ainsi que lorsqu'on adopte pour définition de 
la convergence d'une suite d'elément la convergence en mesure, la 
classe des ensembles linéaires est une classe (D) parfaite, complète: et 
où deux eléments quelconques d'un sphéroïde peuvent être joints par 
un аго de Jordan appartenant à ce sphéroide. Cette classe possède 
done tontes les propriétés que j'ai enoncées concernant les classes de 
cette espèce dans mon mémoire “ Esquisse d'une théorie des ensembles 
abstraite, University of Caleutta, 1922." 


-Oas des ensembles mesurables.—1l en est de même dans le сав 
où on restreint la classe aux ensembles linéaires mesarables. Il suffi 
en effet de remarquer que dans les démonstrations précédentes, si on 
suppose que les ensembles donnés sont mesurables, 168 ensembles 
construits & partir de ceux-ci et utilisés dans ces démonstrations sont 
aussi mesurables. 

Mais on peut énoncer en outre une propriété spéciale à la classe des 
ensembles linéaires mesurables, à savoir que cette classe est séparable, 
Nous avons indiqué en effet dans le second mémoire citó (page 389) 
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que la classe des fonctions mesurables peut être considérée comme $; 
l’ensemble dérivé d'un de ses ensembles dénombrablef, à savoir l'ensemble с 
des fonctions qui sont constantes et де. valeurs rationnelles - fins Й 


.chacune des sub-divisions de l'intervalle fondamental limitées par°un 


nombre fini variable de points d'abseisses rationnelles. Dans le сав 
où on prend comme fonction des fonctions caractéristiques .d'ensembles, 
on voit que la classe des ensembles mesurables peut être considérée 
comme l'ensemble dérivó de l'ensemblé dénombrable N dont chaque 
élément est l'ensemble linéaire mesurable constitué par la reunion d'un 
nombre fini d’intervalles à.extrémités rationnelles. C’est en utilisant 
également l'ensemble dénombrable N que la même proposition a été 
PRODR par M. Wazewski. 


Il est alors loisible d'appliquer à la" classe des ensembles 
Ен о le même théorème que j'ai démontré pour les fonctions 





` mesurables. Tout ensemble (d'ensembles linéaires mesurables) est 
condensé. En effet nous savons que cela est vrai pour tout ensemble 
tiré d'une classe (D) séparable. 


& 


Je rappelle la signification du théorème obtenu. Etant donné un 
ensemble quelconque F, d'ensembles linéaires mesurables, tont sous- 
ensemble non dénombrable G de F donne lieu à au moins un elément de 
condensation E. C'est à dire qu’ il existe un ensemble linéaire mesurable 
E qui est élément limite d’une suite convergeant en mesure d'ensembles 
tirés de G et aussi d'une suite convergeant en mesure d'ensemble tirés 


. de G—N quel que soit le sous-ensemble dénombrable N de G. 


3 


,—— 1] en résulte en particulier ce corollaire que: de tout ensemble 


non dénombrable d'ensemble linéaires mesurables on pent tirer une ` 


КЕ 


Sa 


З 


me 


suite convergeant en mesure ; eb comme de-celle-ci on peut extraire une : 
suite d'ensembles satisfaisant à la condition plus précise indiquée plus | 
Е P 


haut, on peut dire en rósumé. 


De tout ensemble non dénombrable F d'ensembles Ипбалгев mesur- р | 


ables, on peut tirer une suite d'ensembles F,, F,...F,.. qui coincident . --.- 


entre eux à partir de chaque rang n en dehors d'un ensemble I, composé 
d'une suite dénombrable d'intervalles dont 1а longueur totale tend vers 
zéro avec +, I,4,, étant compris dans I,. PEN 

П eu résulte en particulier. que l'ensemble limite complat et l'en- 
semble limite restreint des F, coincident en dehors d'un ensemble de 
mesure nulle (l'ensemble commun aux 1,)—ce qui donne la proposition 
I de M. Wazewski moins précise que la précédente. 
Examen de diverses definitions de la convergence.— Dans co qui 
précède nous avons admis qu'on prenait comme définition de la conver- 
gencé dune suite deléments, la convergence en mesure, l'ensemble 
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linéaire E, convergeant en mesure vers Е si E, et Е coincident en dehors 
d'un ensemble dénombrable I, d'intervalles dont Ја longueur totale tend 
vers zéro avec i. Nofis avous vu que dans ces conditions, on peut 
definir la convergence par l'intermédiaire d'une distance, 


D'autres definitions de la convergence paraitraient plus naturelles 
et il est important de montrer qu'elles ont l'inconvénient de ne pas 
repréter & l'intermédiaire d'une distance, еп mómo d'un écart. 

Par exemple on pourrait dire que E, converge si ses ensembles 
limites complet et restreint coincident. Mais si Гоп adoptait une telle 
definition et si elle pourrait se traduire par l'intermédiaire d'une distance 


. tout onsemblo dérivé d'un ensemble d'ensembles linéaires sorait fermé. 


Or nous savons qu'il n'en est pas ainsi; саг en partant par exemple 
de l'ensemble E des ensembles linéaires formés d'un nombre fini d'inter- 
valles, on trouve commo. ensembles derivó Е, un ensemble d'ensembles 
linéaires qui n'est pas fermé ! 

On ne pourrait même pas traduire la definition actuelle de la conver- 
gence par l'intermédiaire d'un "écart." Autrement dit, quel que soit 
la facon dont on ferait correspondre à tout couple d'ensembles linéaires 
E, F un nombre [E, F] qu'on appellerait écart de E, F, il serait impos- 
sible de satisfaire aux conditions suivantes : 


I [E, F]=0 est la condition nécessaire et suffisante pour que Е, Е 
coincident. 
II Quels que soient E, F, ona (E, F]-z[F, E]> 0. 
ПІ La condition nécessaire et suffisante pour que [E, Е, | tende vers 
zéro est que les ensembles limites complet et restroint de E,, 
coincident avec E. 


En effet, désignons par V, l'ensemble de point communs à tous les 
ensembles F tels que [E, Е] «41. Parmi ces ensembles F figure E lui 
même, done V, est compris dans E, quelque soit у. Ainsi E comprend 
У, +У, -...; ces deux ensembles sont même identiques; car si un 
` point т de Е n'appartenait pas à У, -- V, +... n'appartiendrait pas par 
exemple à V,. Si done on considére une suite Е,, H,,...convergeant 
vers E, comme [E, E,] tend vers zéro on aurait [E, E,] «1 pour я assez 
grand par exemple np. Donc les E, comprendrait V, à partir du 
rang n—p--l, et par suite v n'étant compris dans aucun des ensembles 
E, Брда ne pourrait être compris dans leur ensemble-limite B, 
contrairement à l'hypothóse. Ainsi. 





E=V,+V,+.. 


Ceci étant prenons pour E un ensemble non dénombrable. Alors V,, 
У „,. „пе pourront пе contenir chacun qu'un nombre fini de points. On 
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. pourra donc choisir une infinité de points distincts 7,$ 2, ,...2,...dans 
l'un au moins de ces ensembles par exemple dans V ,. 
Considerons alors les ensembles F,=E—e, ; ils ont évidemment 
E pour ensemble limite complet et restreint, Donc pour n assez grand, 
par exemple pour n > m, оп aura [H, E,] <+, alors V, sera compris 
dans Е,, E,,,,..e6 on arrive à une contradiction puisque "*, est 
- compris dans У, sans l'être dans Bn. 

Ainsi l'hypothèse de l'existence d'un écart doit être écartée : 

Oonvergent presque uniforme.—Nous avons suivi ici pour le cas des 
ensembles 1а, méthode qui nous a réussi dans notre premier mémoire 
de Calcutta concernant la convergence ordinaire des fonctions. Operons 
de méme pour la convergence presque uniforme. 

Celle-ci semble plus naturelle et plus utile que le convergence en 
mesure eb pourtant on la rencontre plus exceptionnellement. Hlle consiste 
en ceci: une suite d'ensembles linéaires E,, E,,...converge vers E si 
quel que soit E, on peut assigner un ensemble dénombrable d'intervalles 
de longueur totale inférieure à E tel qu'en dehors de cet ensemble 
d'intervalles les ensembles E, coincident avec E à partir d'un certain 
rang. 

Montrons qu'on arrive à une contradiction si lon essaie de definir 
cette convergence presque uniforme au moyen d’un écart. 

Divisons comme précédemment l'intervalle fondamental (0, 1) en 
2 puis 4 puis 8,...puis 2" parties égales, et appelons 1,7, T,*,...1,*,...cos 
2" parties. 

Il est manifesta comme nous l'avons fait déja remarquer que la 
suite I,?, Le, LSLS 5,9, T,*,...1,", I,*#1, ne converge uniformé- 
ment vers aucun ensemble. Еп particulier elle ne converge pas 
uniformément vers un ensemble vide et par suite l'écart [1,*, 0] ne tend 
pas vers zéro, Si l'on appelle Ка le plus grand de ces écarts pour m 
fixe, k, ne tend done pas vers zéro. Autrement dit, il existe un nombre 
Х>0 tel qu'une infinité des ke, soit kmi, kas, Any) restent supérieurs 
АХ, Soit alors J, celui des intervalles 1,," dont Vécart avec zéro est 
Кар 06 О, son centre, ~ peut extraire dela suite des O, une suite 
соот C’,, О',,...С!,...; soit С son point limite; appelons Ј',, 

J',,..les intervalles J, correspondant à С’, С,,.... Quel que soit le 
nombre «2.0, on peut toujours prendre p assez grand (p>r) pour que 
O', et méme J’, soient situés dans un intervalla de centre С de longueur 
« Par conséquent la suite des J’, converga presque uniformément 
vers un ensemble nul Donc [J',, 0] devait tendre vers zéro. Or nous 
savons que [7,, 0] > А 29 - 


P => 


2 
OsCULATING CONICS FOR THE OURVE Ј(љу)=0 


, 


Ву 
_ Guruvas Baar, M.Sc. 


An exhanstive treatment of equations of osculating conics of an 
algebraic curve #=F(t) and y=G(t) bas been given by Prof. 8. 
Mukhopadhyaya.' T have here attempted to extend the results for an 
algebraic curve given in the form f(.,y) «0. 


1 
Let f(4,y)—0 be the equation of an algebraic curve where /( суу} may 
be supposed to be a rational integral function in а and у. Also let the 
suffixes 1 and 2 denote partial defferentiation with respect to z and y 
respectively, t.e, let f,, f,, fiis Ла» Ја а, ete. stand respectively for 


of Of Әу Of Oy a 
дз’ By’ O^" в»бду ду" s 





If as usual p, g, r, s denote the successive differential co-efficients of y 


with respect to а, we have ` _ 


_4у__Л 
M ERA | 
Л. fis Л 
Е =i; 
= рану Ја fas ћ ft 
h fh- 9 


3 В. Mukhopadhyaya~A General Theory of Osoufating Conies—Journal and 
Proceedings, Asiatic Society ‘of Bengal (New Series), Vol. IV, No, 4, 1908; Vol. IY,» 
Хо. 10, 1908. 
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2 fu Аа» 
where Jes ја ћ, 
ћ fh 
J, J, 3J 
a 1 
T= rc TUR far Ја Л 
ћ fs 
Ј, Ј, 3J 
where = ја ја ћ and J, A 
ћ fs. 0 
and 
K, K, 5К 


E г z 
= = à ја Ла Л , where К, = 


га à 


‚© 
ЇЇ 
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| p cos ш ti 
Sz сойо 1 fa | 
В ћ fa 0 1 ~ 

J, Jy 3J “4, Ј, `8 
М Ја Ле fs | N fas fis fi À 

А Л 0 y fi Ja 0 

and 
1 _ COBO M 
? 

T=| сове 1 N 

M N 0 

2 


The general equation in oblique co-ordinates of a conic passing 
through two given points (x,y) and (w,,9,) is of the form 


A(X—2)(X—5) AO y) y) ЊУХ—(Х—у1) 
+p(X—2,)(Y-y)=0. | `- 


If it be a rectangular hyperbola we must have 


| 3 А+ р (v -- рјсове==0, 
t.e., NT - p= À pH y, 


where w is the angle between the axes of reference. The equilateral 
hyerbola through (my) and (2,,y,) is then of the form 


LE) eos (Жу) +У—у)] 
+4 [(¥—y) deos o(Y¥—y,)+X—r,}) 


+v[(K—2)(¥—y,) +(K—2,)(Y—y)]=0, 
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• 
Hence the equilateral hyperbola through (Фуу), (е4), (ву, ), (sYa) 
H e 


18 
• 


(сово(Х—) КУ -y(X —4), {coso(Y—y,)+X—e,}(Y—y), © 
(осво(2, =e) ya у (га —9), (eoso(y, — у, ) Fe —2, (у, — У), 
(осво(2, —2) +y, у} (e. —=1), {сово(у  — у) Фе, — t} (Ys — 92; 


(Х—+)(Ү—у.)—(Х—,)(Т—у) =, 
(еа) (уу) — (па — t Yay) 
(п) (уз my D — (rs Ds y) 


T£ (o, Серу» (ту) and (2,,y,) аге consecutive points, we Вахе 


#2224] dr, yit dy, 
ay zz 42d, d? s, Ja =y+2dy+ d'y, 
et + 342 + 80% +030, 4, =y + 3dy + 3d y+ y. 


P4 


Substituting these values of (2,,y,), (e,,y,) and (sya) and simplifying, 
we get, neglecting higher orders of differentials : 


ir 


(X—2 —(Y—-y)?, | d«(Y—y)—-dy(X—2), 
2(4,* — фу“), - d.d! y—dyd? r, 
6(dzd* v—dyd*y), dí d*g—dyd?z, 


cose ( Y —y)* + (X —2)(Y — y) |=0, 
2coso(dy)? --2dydx 
6cosadyd' у + За уд x + За газ у 

as the equation of the osculating equilateral hyperbola at the point 


(zy). И æ be the independent variable d'z-0, 4°«=0,... and the 
above reduces to 


a 


(K—2)*~(Y—y)?, Y—y—p(X —2), coso(Y —y)* +(K—+)(Y—y}(=0, 
2(1—p*), 9, 2р?соз w+ 2р 
—бра, ^ Gpgcos о + 34 
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or | 
{(X—2)* —(¥—y)?} Qpr—3q7)—2(X—2) (Уу) 1 —р' r+ 39°} 


+6{(Y—y)—p(X—«)}q(1 + p*) + сов wf (X—2)*p(pr—3q?) 
У-у)" +8pq{¥—y—p(X—«)}]=0, 


Putting the values of p, 9, r, в from $ 1 and simplifying we get for the 
equation of the osculating equilateral hyperbola 


* 


Ј, Ј, 3J 0 
fir fis "А fh 


(X—2)* 
far fra fs 2f, сав u—f, 
h А 0 0 
до 3 0 
. 11 fs h 2f,coso—f, 
+(¥—y)? 


ахар 7 7 ^ 5 
~ dfa Л h Л 
f ts 0 0 а 
1 сово =f, |=0, 
ЕЈ quee | sir. À f 
dde. ufa A " 4 
or with the notations of § 1 
Per + у"  ZRÉq—6J8( fis fan) =0 e (0) 
where $—X—sandq—Y—y, о, 


For centre we have Й 
• 


P£-R3—3J8f, =0, 
Ré+-Qy—3IS/, =0; 


= 
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whence | 
о БЫР 
3J8( f, Q —f, R) 3JS( f, P—f, В) PQ— 1 
Now PQ—HR*z: —8T ; 


• ., f= .3J(fiQ —fR) _ 3JMS 
oe = Е рге ила П 





= Nf P-R) __-3JNS, 
à y T cm 
t.e., 
_,, _ SINS X 
Fm 
3 
The general equation of the osculating вопіс 181 
- (846—599) {Y —y— (X —2)) + (Y —ујг—(Ходеј(рт—84"))' 
= =189*{¥—y—p(X—2)}, 
Now ` | 
E K, K, 5К| |0; 35 F 
Burt да BI fav. Ла» fa [Sfar Ла Л» 
fi, fy 0 fi fe 0 
fu f 
= nl (TIR f f E, es | ка] 
2 1 a 





= A CAMIS se mf Sion) 


1 Vide— А General Theory of Osculating Conies, loc, cit, 


+ 


(2) 


(3) 
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M Gp Ahd -Sah Aiat, fala ФА, 
HASTA afia tH ahis hfis ff 8393 She 
Aha) Md P faf la fd faa] 
FDIC Sia fife) afia ifa) HERAUS 


























—5{9J (Ала Sf) HI AAAS, | 
ш 
ERI "TE 
E У ен 3890 |, J 
= ле - ji f ) Л a1 аз ЛА 
A 0 
Fis fis Jy 
2 ~ fai fis 
HUAI |, faa + DN ] 
fi fh 090 Ке 
Putting | S : 
| J J 4 Jii Ji, Л Ал ћа Jy 
r= | +7 Ја Jes ћ —4J| f3: Fis Jy 97% А 10 
ћ 1 - у А | far x 
| Мо 0| A A 0 ^ 
we have | 
348—5"*=— 5E | 
Also , 
Tin Чо BE 
м-в" Р far HT h - > з 
“| № ја 0 е 
Л do 3 
T я fa Л, fi” | on simplification, 
GI - б D 
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Substituting these in (3), the equation transforms into 








J, J, 370 d ED 

ay | Ye eX ° `> Yay dX 
far Л: fa У- z a—X 41879 y i | 
for Fan fa 9-Х Л Ac à 1 ћ 





fi fs 00 | 


which-is therefore the equation to the osculating conic at the point (r.y). 


The co-ordinates of the centre are 


- J, Ј, 3J 

Kart faa Jas h se М, 
f fa 0 

у t si. 6 

Ј, J, R3! 

* У=у+ Л. fis ћ =у+ TE, 

ћ fs 0 J 

4 


4 


The axes of the conic are determined as follows, 


Putting Е=Х— в and uy the general equation of the osculat- 
ing conie may be written as 


(8де 2-5? )(n=—pé)* + {nr—( pr—3q* é}* —18g* (y—pé) =0, 
or бр (pr—3q*)} + O71) 2&2 (pX 4-r( pr—3q")} 


| —18g*-- 18pg* =0, 
where ' Az3qs —5r*, d 
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The axes of thé conic 
das: +2924 2fy +с=0 
are given by 
T*(ab —h*)* д (ab—h*)(a-Fb—2Rhcos o)r* + A * =0 


wheré 
а k g 
А= k b f 5 
g f c 


r being а semi-axis of the conic. 


Now =ga+fy+c, (wy) being the centre. 





A 
ab—h* 


Hence in our case 
A LL ous 897 o,s 89 pr—Bq*) _ 8198. 
aap О X mI d 





and ab—h*={p*A+( pr -89*)* } (А+) — (pA 7( pr--3q? )}* =9^4*. 
Hence if r, and r, be the semi-axes of the conic 


A(a+b—2hcos w) 
(ab —5*)* 


т-та 


=— 90 Lp! +2p008 o) + (pr—3q*)* +2r( pr—Bq*)008 о) 


1 сово fi 1 сове М 
== = 480 |сове 1l f, |—|сово 1 N | 
лом wo 


— Jp | 
= = (1318) ; 


гый. шй. ) xh 
— (ab—hs) VXab—h* / abh 


ГИС 
7175 


J^ 
=—77 та ` 
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5 " 
The equation to the osculating parabola is! | 
DOS ONIS dea. gin e 
{(X~x)(pr—3q*)—(Y—y)r}* =18q° {XY—y—p(X—#)} o 


which transforms into 





fi h 0 9 


In rectangular co-ordinates, the semi-latus rectum 7 is given by 





27q° 2735 
i= == ——————À 
чин (IT, J, 8 [4 J, 87 TÈ 
Ла fis fı +| faa ја fy 
Lin fs 9! JA A 0 
_ 2729 
(ма Nr 


The directrix of the osculating parabola is 
7(Х— 2) + ( рг—94%)(0 у) 44 (1 + 09") =0, 


ог Ј, Ј, 3J 0 


+410? +ј,")=0. 


The circle of curvature in rectangular co-ordinates is 
E у 
i-e) e (Foy) ЕРУ (уура), 


1 Vide—A General Theory of Osculating Оопіса, 
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* 
which transformed is 
* Х—у a~X 
6 (Ха) += == ey) | 


fy fa 





The co-ordinates of the centre of curvature are 


хе CHP ag LAUS ER) | 
9 


Y=y+ MN ey fe") ; 
and the radius of curvature p is given by 


= POS АА, 
q | Ј 


7 


— 


The osculating conie will be an ellipse, hyperbola or parabola 
according as 348—57? is positive, negative or zero. But we have seen 


that 3gs—57*z:— s . Hence the osculating conie will be an ellipse, 


a 
hyperbola or parabola according as L is negative,’ positive or zero. 
Hence the condition * for a parabolic point is L=0, i.e., 


Jii JA fi | ћ, Fis J, 
И J, 
35 f 


+5 Ja. Ја f. Мл, № % —9J* 
fi fs 9 hof 9 

The condition that the osculating conic may be an equilateral hyperbola 

is 





tia | | 
=0. 
А» 





А+ p*) +"  (pr—934* )* =0, 


Ф 
1 This condition and the condition for a sextactio point given later were 
communicated to me, without proof by Prof. Harold Hilton to whom I wish to 
express my gratitude. 
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which transforms into | 
JI, J, Bp |J д, 83 
BLA AM AS Ла fi | + ла Ла Л) 
ћ fs 9 fi fs 0 


or 3L( f, 3 +f’) - M* HN". 


8 


The condition that the osculating conie may have а six-pointie 
contact at (ауу) is ? 


A0r? — 4ogre +9910, 


| 842. (345—573) 8(8qe r2 У = 
or 301; (3gs—5r*) —8(3gs— 5r) ds =0, 
а dv. й 
ог 81+. (1)— 815 (J) =0, 
zh )- ( xi )= 
те sa( Лт, )-su( 3,2, )=0, 
where L,= OL and u,=01, 
5 y 
L 1, 1 ds 
or 3J —8L | =0. 
fi fs А А 





My best thanks are due to Prof. S. Mukhopadhyaya for suggestions 
and encouragement and for the help received from his published works. 


* Vide—A General Theory of Osoulating Conics. 
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CERTAIN PRODUCTS INVOLVING THE DIVISORS OF NUMBERS 


By 
E. T. Вил, 


[University of Washington) 
(Communicated by Dr. B. Datta) 


The products of this note, originating in a generalized Lambert 
series, are sufficiently curious to deserve & passing notice. By expanding 
these products for special choices of the arbitrary numerical function 
f(s) occurring in the exponents of the several factors, it is possible to 
obtain numerous thegrems on partitions of integers. The most of these 
appear to be too complicated to be of much interest, although some of 
them have already been obtained otherwise by various writers and have 
appeared in the literature. A few, however, might prove worth 
developing. 


$1. Let т, в denote integers >0, of which m is odd and n arbitrary. 
If either of m ог n occurs under Х ог П, the sum or product is with 
respect to all volues of the morn as defined. The function f(y) is 
numerical ; that is, for each interger value >0 of у, f(y) takes a single 
finite value. We shall write 


f(n) S A1) f(d,)  f(d,)- ...-f(0), 
where 1, d,, d;,...,5 are all the divisors of n, and it is assumed that for 
some | ж] >0 the series cat 
P 5%, 
Хр п)", = x QD" … (A) 
— 5 

is absolutely convergent. When for a specific f the convergence 
condition is | e | «X, and the variable г issreplaced by g(y), it is further 


assumed that the condition is transformed, in accordance with the 
substitution, into | y | <А. 


23 Е, Т, ВИТ, 
• 


$2. Dividing (А) throughout by a and іпьерта пр between the 
limits 0, x, we got, on taking exponentials of both sides, 


па) ma ZS (n)0*/n xc CDI 


83. Let p(n) as usual denote the function of Möbius ; u(n) —O if n 
ss divisible by any square > 1, and otherwise и) — +1 or —1 according 
as n is the product of an even or an odd numbar of distinct primes. By 
convention (1) :=1. The relation. between f, f can be reversed, 
giving 

f(n)=3u(a)f (8), 
where the X refers to all pairs (d, 8) of divisors such that 46 =>, 
If now- we define f"(n) by 


f'(n) =n (df), 


it folldivs fróm (1) by а change in notation that 


na uy ее " (2) 


The formulas (1), (2) are merely different expressions of one fact; 
when the function oconrring in the exponents cnder П is given, we use 


(1), otherwise (2). 


$4. When only plus signs ocour in the products we need a theorem 
stated by Liouville, 


fiQn)e—f(m, f(m) =>] (н) -f (2n), 


where the definition of f, (n) is 
f.()2x 1» fü), 


the X extending as before to all pairs (d, 3) of conjugate divisors of n. 


‘To prove this, assumé that for some s the Diriohlèt series 


x-D' y 
nt C 


nt! 
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are both absolntely convergent. On multiplying these together and 
using the identify 3 


e 
tn 
+ 

ы 
+ 
e 
+ 
| 
~ 
~ 
| 
~ 

э 

TS 
~ 
E 

Im 
+ 

| == 
+ 
=— 


we note that the coefficient of E which evidently is f,(n), is ав stated 


by the theorem. ү 
Proceeding as in $2 we get 
I(14-2*) ЛХ») /а ze M Oa [n i. (3) 


$6. When only odd integers m occur in the product we require 
Ја (n), defined by 


Ја (в) =5у(0), 
the 2 extending to all odd divisors t of m. Then 
FORTS 
and as before we infer 
naar Des alm) ES E 
86. Obviously (3) can be obtained from (1) by changing а into »* 


and dividing the resulting identity member by member by (1). 
‘The result of changing а into — in (4) is 


па" f(m)/m. . З, (2n)a* ^ [2n ОАР (т) атт | si (5) 
Hence by division we get from (4), (5), 


pes ym о 6 
— = . ... ) 
1+ == ; 

| $7. Ав the simplest illustrations of (1)-(6) we may take f(n)=n 
for all integers n. Then f'(n)—o(n), the sum'of the divisors of n, and 
(1) becomes & 


I(1—a*)2s emat п | we (1) 
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which is merely a restatement, in its simplest reading, of в ‘well-known 
relation between partitions and divisors. For this obice of f the rest 
can be interpreted in similar ways • 

For the choice f(n)=1 or 0 according as п is or is nob the integere 
920, (2) gives 


па аут ЈА ету (2:1) 


eand hence, for 7==1, 


пат" Lu ve (2:12) 


In all such examples convergence conditions upon а can be readily 
determined from the corresponding series as indicated in 52, 

If f(n)=d/n)=+1 or —1 according as the total number of prime 
divisors of n is even or odd, we have Р (п) =1 or 0 according ag n is or is 
not a square. Hence (1) gives 


па)” 28" іт? | (1-2) 


For the choice f(n)=1, we get identities involving the number vu(n) 
of divisors of n; f'(n) in this case reduces to 1 for n=1, to zero for 
n>1, providing a check. | 

Identities concerning partitions into primes exclusively (or into апу 
ether class of numbers, by the appropriate choice of f), can be obtained 
by expanding the exponential function and developing the product, as in 


w l 290) … (1°8) 
lc" 

whore o(n) is the sum of the distinct prime divisors SL of n, and II’ 
refers to all primes p>1. 

As а last example take fin)=,{n), where ф, (т) is Jordan’s totient 

of order r; d,(n) the number of sets of т equal or distinct integers 


equal to or De than » and coprime with n. Then ¢,(n)=¢(n), Euler's 

function. Itis well-known that 2ф, (2) =". Let 0 denote the operation 

w ET viz., the x-derivative of the operand is to be multiplied by e, and 
2 

6" means 6 operating upon the result of 0'7*. Then if 0° —1, 


Sn’ pO" Sy" -e( = }= “i £), 
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• 
and from (1) we gr 


For example taking r—1, =, 
Фф)» 
n( ix ) EE ; 
2" e 


== —i 
for r=2, «=; 


1 ф, (n)/n = 1 . 
n(1-.) Fa 
for r=3, =, 
1 Фау _ 1 . 
n( 1-5, ) E 
and so on. 


University of Washington, 
18 January, 1924. 


ua y e meg Бела (4) 


"25 


(1:48) 


awe 
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ON LIQUID MOTION INSIDE CERTAIN ROTATING 
OIROULAR ARCS 


By 
боррнорам Gnose. 


In the present paper, I have discussed the problem of liquid motion 
in rotating vessels when the boundary consists of (1) four orthogonal 
circles, (2) three circles, one cutting the other two orthogonally (3) two 
orthogonal circles. I have also deduced some particular cases of 
boundaries consisting of aros of circles and straight lines. 


3. Let o-+sy=o tan КИ) 


so that ¢=const and y=const represent two systems of co-axial circles 
cutting orthogonally. 

If у be the stream function, and о the angular velocity of the 
cylinder, then we have 





at all points in the liquid and 
ydio(2*4-9*) + const 


at all points on the boundary. 
Evidently, - ` 


оо & 
y=c+2e = (—1)*e ^" oos né, 
n=l 27 


со -ny . 
z=% = (~—1)**t6 sin né. 
n=l ) У 


On the boundary £=const, 


== — eov» cot ë + const 


œ Ф" 
z2c? w cot ё Eco e sin n£ + const. 
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On the boundary 7060nsÍ, 


y=cwy coth n+ const. • 


| 90%. coti "x -lye ™ cos n£+ const. 


Rectangle bounded by four circular arcs 
. 2. Let the section of the cylinder be bounded by the circles 
ёа, Ema, =p, and 7=8,. 


Assume 


i es „6 их кыши, Je =) 


X сов n£ 


доза ( — 1) Bin is cota sin n(é—a а, )+ 8 па, cota, sin n(a, —£) 67% 
СЕРА 





oo 
+ > [Pos CREDE gay) 


m=0 


+Q, sinh Eu (£a, } cos Cathe (7—8) 


+= {By sinh md (0—8,) 


т==0 


+8, sinh CC (= 8,) ооз GmEDTQ-y) 2 а) 


2e, 
where \ 
@єүгва,—а, - уно, Фа, 
2e, =8,—В., 28=В, +8, | vit (2) 


99 


ON LIQUID MOTION 


Ф) 


(2) 


"PEDO 


е 
e 


iia altug) — "т.и+и(1—) = “и d 


у 


Sou soo( "g доо, а o4 “gd 4300 


9A" ам олодв se Ава. aures әү ur Затревоола рив y=} ZUMA 





Я ESL quis 
-Tou воо (19 чоо gu *g Чоо igu?) . pte mo пи ewe, = = ара =") 
=z 





өлец om ЗА ие pue *g pus ‘g ueomgeq SursaSeyur pue йр (6—0). воо Áq sope Чзоа Зот] ар 


L(T+WZ) 


=, о=ш 


@—) а $9 тие) TO = о 





taug quis * 
—&)uqeoo *»uqure( * Pa, FT, о Бан 900.4, 9—' HOO, 9) (I= је. + 








TE" 909 206 == 
со 


"ms 
со 


E oy assy ом ‘'gShS ts pue tom? ueqA 
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80 


(9) 


(в) 


Яптувл8өўпт 





T т Ts 0-74 
0-9) zug) "P (C89 зроду ЧӨӨ EUST arguo we s] mo 


TE 6 _ Sy ELA : Тр LLLI XE Ve = 
G-9 ттар Ut | (0—9 qug WO 0+ (9—9 рду wena 


53% 0=% 
ЈЕ 
Co— *»)u urs { 


1 
иш? (3—*»)usoo Рю 300 Tou шв— ('0—23)% воо *» 400 ou ШВ „ (IS 


(9—9) quis 


# Чё GX) qsoo *g 4100 tgu? C8 ји чвоо *g qoo, „_ 





I ; 
MUST 
oo 


трөштшлөфәр Apego[duroo st À яп, 


тэ 
у. = 
"gu 200400 Fou па + to qoo tou ms) има и) | (туш сат ay | 
> 5 


и 


өдвц өм өлоде ev Surpeeoozd pue *g—l Bund £qzepurg 


тэ 
iS nct I=") AUIS 
э (0400 "ву шта + 50 309 "ou ms) s 23 вв (+) ae (pua) _ « 
) 1014-1000) РН ) = © 0% 5 


‘D pus ‘о uooAgoq 


t i ч 1 | 
ров 3p(A—3) rad soo Да sepis q3oq За Ана Кд “әлү ом ''g—& по uogrpuoo Алврппод ey} шолу 
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тэ 


ma. _ Qu Pup et (1+5) EF cru Le 
Е soo | a aes) та (1—) z mtua - + 





(8—0) rug) T 














=u — ВБ = 
„о жна) т) = aq Hug) 5 Ро ip See 
«(T+ wg) = a. m E SD > 
8—6) trug) 
| T us ysoo g 
5 _ i Раза ans (10) e p (ји) = 
9-9 зав) soo | SO ари AE и a md 
7727 щү-+ ш) 
| А iB dcus 
imme e q. Se" ст TT ]-a- —) == 
oo 36 
| (73) ытаа) ЧОР 
eq 0 релола eq uso À jo Th red өчү uong 
Е эр " Ка E riui Dg | МОБУ 
900—9) за) воо { ( 0—0) rue ЧЗ "STÜS-D реч) TE As m + 
i і 
OB м т 202" 1 а 
(0—0) Tru) so Í (=) на ~ que D reso же Чава) zo они 


со 
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38: 


5 
. æ 238 _ 


_. !эр _ 
[ (4-3) щ(т+шв) ^ 


• (g—&) (T+ 
AT +z) р) 





эб 0=% 
РТ 1509 ааш (DRE) р De “a+ 


mca +(1+%%) 
КЕ ата) Vo 





г 


"22 


ozu, 


[=u 
wo peu) T^ pere — = a] Gi = os- 





+42) 
55 (1 
Ти) 1800 





т | | Е | | » sr =ш | 
[а-ә эб о E mm esp ens (ug) L JE gi 


эб 


0—9 zug) 


Г 


(6) 


L 








z(p- 195) 





~lt 
Q=) P з 
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j "Triangle bounded by three circles 


* 
3. Let the cylinder be bounded by £—a,, £—a, and 7=8. 
pọ At the point where £—a, and =a, intersect, we have 7=00.. 


Assume 6 . 


оо - 
y — 6*0 2 (1 coth ве "" сов ње а E, 
n= А E 


4.20% =- —1) "8 па, cota sinn({é—a, ) +в1 па, софа сы o, =n 


asi ginn(a,—a,) | : 

_ Qm 1)r (= 

oo 1-8): - 
+оо = Pa os ја (£—y)e^ in | 
m= 


55 со 
Y -m :-Binh a(£—a ir 
$e e {r.f в af =» CUPIT sin ал sin à a(y—B)da 
0 0 


«sl м sinh а me iuc") sin ad sin а(т—В)да }, "PES 


"EN sinh Bae 
0 07 
where ду=а,л +а,, 2e=a,—a, ; … (2) 
and the form of a is such that а(у— В) is a multiple of т when уос 
when = осо we have y=0 i 
when 7 and a,2 £a, 


— пв 


оо —nB - _ oo 
2030 оюВ(—1)'в сов n£—20* o coth 8®(—1,"в cos né 
1 


cota s8inn(é—a,)+sinna, cota asinn(as —8), —пв 
sin а, ~a): 


m om cte 


m : 
TUS ET сов Genie. (6—у). 
Multiplying both sides by ME. | 


сов UM (€--y)dé 
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and integrating between the limits a, and а, we have” 


с e 
о J— 7 - . 3 2 4 "M 
Ў миља 4(9m-Fl)r 5 e . " 
= — Чат АТААТ xd 
P. AA 1) (m + 1) 303 — Ар te? (sinna, cota, FOR 
- А (3) 
. When =a, and у lies between f and оо 
2¢°w cob a, zc l)e ™ inna, | PEE 





M oo - - 
=203 w cot aZ(—1)"e ^! gin na, 
1 + 


+208 (— лу б 





n= 


со. 
оо = 
- go =" fe e. ај. віп аА sin ком - Вуда: = 


But for positive values of у— В 


pe : oo | pe i Е 
| zal sin ad sin a(q—f) da=7 ак. 
0 DU ua z 


л Wehave S,=(—1)* ich coth В cos na,. | ... (4) | 
Т Tat - ++ + |: = 


Similarly we have, from condition on thé boundary =a, 


R,z(—1)*: «77 coth B бовта,. 7 ш (5) 
То evaluate the integrals 
oo oo T E 
au А sinha(£—a,) . : = 
=f 8 af aang nian sin a(n В)аа 
0 Durs DE 


ij ES Ex 72? (оона (А-—т+-В) сова tn — B) da 


to 
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55 ч "uox. Bin. sous 
sinh рр ето es 
, sinh ge 005 7209 2q cont cosh ' й: 
0 


sine (—а.) 


cosg: (#—а, ) + cosh a, OB) 


sing (ёа) - 
#1 coss- (€—a,) + "vm 8) ] 
- sing (6–а 7) 


— M Жай. 
.- ооа (Ga, ) cosh а; 7—8) А - 





where 


msn = (ва) and acp Qc). 
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Since À lies between 0 and oo and 7— В is positive therefore w is positive. 


Now, 


sin 6, o, TA | mno 
se eae шй "sin, П+5А;в ] 


where 


A Cpu ys i poa 42707989 gd 


=(—1)*2[008 n6, + соя (n—2)0, -- ...] 
A,sin 0,=(~—1)*2sin 0, [cos nO, +008 (n—2)0, +... 
=(—1)*sin(n+1)6, 
sind, _„ = ту TÀ os 
е даје 1) 18 sin тд, 


1 Bierens de Haan, Tebles of Dat. Int, , (1) 285, | 
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oo gin (£—a,) = 
2e EX 
fa o 
cosy (6—а,) + cosh 5, (А+т-В) , 
0 f B TUE vi є 
Е 9 ons CO афу) / 
=2 5 ca | a die | sin MT (#—а,) 
mal де" ~ : 
0" = Я + HS. 
m = ue (3—68) :: - 
8 Г тт 
а = (—1)**i ap mmo 81n де (&—а,) En 
= 5. . € 
oo oo 
| sing o ae = | віп б,в" 
т т 
сов 9, + совһә- (A—n+ 8) в cos 8, + cosh; (Х—7+8) 


7—8 T 
„| Bud m 
cos Ө, + оовћ g; OB) 


In the first integral on the right hand side Х—7+ B is positive and in 
the second Х—т+ B is negative. о 


Put amu (А-0) 
when æ is positive 


5 © œ А 
віш 6. 9 = (~ бина “sin mb, 
cos 6, +036 v mæl 


when х is negative 


sin 0, —5 pel рункі" sin mb, : 
cos 6, +cosh 2 „= DOT RACE 
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| віп 0,07 7^ ах 
RS. Lo NIA EBENE 
cos 0, +cosh g^ 1B) 





7; В 
5 (1-8) > (а T ЈА 
2 = а: sin mb, e . “© ДА 
mal 
7—В 
оо —n(1-8) Ма 
=2 = (—1} £ — sin mb, ; 
mal — n+ 54 


n—B T 
| sin бе ^ dX 
cos 6, +c08h 7 (А—+ 8) 
€ 


со 
=2 5 (—l)e 


– 5, 0-A c ү“ — 07 d dx 
gin a£, e 


mæl 
0 y 
mr B 
— = (7—8) 
m „о 05 
=2 m (lj ~a in 
= о NH sin mð, 
oo 
: | gin Ө, = а 
cos 0, +cosh ™ oe T (Х—7+8) 


~p) © E 4n ; 
2 20d EI =D ade sin más 


mr 
— 5; (7—6) 
Уи "+ ee ae о А 1 g 
“= 1)" E Bin m6. 


But we have, when £ lies between а, and a, 


sin n({—a, ) 


oo е > “= 
TTE =2 m (lj UT віц 5. (6—4); 


m=l тт? — 43 
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. —в^ 
sing (€—a, Je "dA 


е бест теты} МЄ) Мита =. ° 
| сову. (ё—а,у)+совһ z (A—=q+8) * 


(4e M dinna) | | 
е вір 2ne . / 
— T (n—B) | 


€ 
do = (6 preci о 
ue 


CI -s[ sin n(£—a,) 677—8) 
ПАЛЕ sin лє 
eo 9-9 


m се a 810 T Е (Ёа, је 


m'r? 


- E (=) 


т=1 


oo 
>, fR , 2 e “af” = sin ad sin а(7— В)да 


n 


eb = EE sinh sinh а(#—а,) sin aA віп a(y—f)da | 


^ sinh9ae 


со igs 
=9 S (—l)'tie 
nl 
x coth В 9089, sin n(£—a, )— cos na, sin än(é—a (а, (1-8) 
віп 2ne 
ео 
> тл 
2 —1 nti th 1 Re. 
iE ir | d te в >, ED m? — 4% e 
mr | 


— ø; (n—-B) : 
де [ сов na, Bin a (fa, )— cos na, sin * (é—a,) ] 
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oo * cos na, віп n(£ )—cos na sin n(£ | ) n 
ns, E a, —а,)— sin n(é—a,) „“ 
ове me 1) siad e 








e А 
тит 
ос | — z, QG-B) (6) 
+4 = {Ansin "7 (£—a,)--B,sin "* (£—a,)je 7 
mn] 2e 2e 
where = e. 
= mr —8 
= EN mui = m 
к= са) Ter e coth В cos na, … (7) 
= mr –78 
B= = ет e соћ В cos na,. 
But cos na, sin n(£—2a,) —008 na, sin n(£—a,) 
=cos пёвіп (a, —а, ); 
therefore 


sinna cota Sin n(£—a,) + 81 па, софа, sinn(a, ни Ди 
sin (а — а, ) 


со 
y-2o6 € = (—1)" 
n=l 


"m oo iss me (à i mm (à К -* (1-8) 
+ ^e S «sin 5^ (ф—а,)+ «Sin 3, 06—90} 8 


От (pp) 


oo 

tác o S C, сов (2m+1)r (£—y) е 4 (8) 

т=0 2e 
where 2 : 

oo 
= ee | MAD (2m +1) 
се ») (2m +1) rt — dm et 
. Е REC 
X (sin na, cote, +sinna,cota,) е 3 .. (9) 
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therefore | ДЕЕ 


" Z jq Sinna,cota 4008 n(£—a,) —sin На, сова 1008п(ё—а,), = м 
DET 2 sin n(a,—2,) 





+ dc? o = {4 cos чу (#—а ) +B, oos "2 TES UE ву 


_ со 
—4c*« = C, sin 


m= 


т, С" (В) 
EUR (£—y) e ED » 


4. The following particular cases can-be deduced from the case of 
three circles. : 


(1) Two orthogonal circles 
Put a, =a and а, = —(m—a) 
‚ we get an area bounded by two orthogonal circles. 
Qe=m and 2у=2а—т 


then after a little simplification we have 


= 


E оо 
y-2e6*0 софа > (—1)*e віп né ES = а 
n=1 . 


oo 
-F4c'o cot > М sinm({—a) e n7 B) 
т=а 


déco = Кона (Әт) а) 87 C” +D) 


т=1 


where 


ыз dd coth 8 cos nef (--1у +(—1)" | 


ON LIQUID MOTION - 45 


1 Qm-- 1)! —4p* 


The expression for $ can be written down. 
n wen a. 


If we put B=0, we get an area bounded by two circles and а 
straight line cutting them at right angles. 


The boundary condition for 8=0 is 


, 
E m 
N-? me ON Te (2m -k1) cot a віп 2pa'e#r8 
T 
p= 


y Put coy coth 7 


ос 
c+2S(—1)" e ^^ оов né 


БАШ t o И ИРТЕ 
n=0 tanh y 
== -n 
2c S (—1)**! по" cosné 
_ Lt со 1 . 
= м0 


sech *q 


200% 05 (— 1)" +: oos né. 


The boundary condition when 7=8 is 


у= доо (—1)*в "В coth B cos né 


Replacing е coth B by —n we have 


Veto = (—1) Sina, cot a, sin п(#— а. )--ай па, cot a, sinn(a, —£), = и 
TM MÁS 
n=l sin n(a, —a,) 


MT 


= = 
ts (Аја T7 (£—2,) +B, sin ЕЎ (£—2,))e % | 


s E T) 
bd сов (ји (£—4) е 2e k 
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where ° 
= mn n МЕ 
A,= 5 m Te idees 9895 | : 
== ттт Е 
В.= 2 CD Aa сов na, | / 


Q, = = EE (2m+1l)r 


1 Тута ае (notes а fid noba) 


(8) Area bounded by a circle and two chords at right angles, 
Put В=0, a,=0, а, =a 
дуга, деа 


сть EC pystinndot asin nb СС =m 


Sin na 





Qf 
+4& > L, gin 76 g а | 
mal 
_Qntlm 7 
áo € D gin 20 1) ТЕ Е 
m= 


where 


L.— = (=1)* Lii d i 1)” cos na— 1] 


1 mu —п%08 


р,= = (—1)"+ (2т-ЕТ)л ` 
n=l 


(Sm 3 Пала nes (віп па cob а +"). 
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that e under their present politically depressing conditions they 
continue Yo make solid and considerable contributions to. the creation 
and diffusion of mathematical knowledge, Work in connection with 
the Encyclopedia of Mathematical Sciences initiated by Professor 
Felix Klein in the nineties of the last century is being continued almost 
without any interroption with the result that during the last five years 
numerous parts of the Encyclopedia have been brought out. A new 
journal of research, viz., the Mathematische Zeitschrift, came into existence 
after the armistice and has proved itself to be very useful-for the cause 
of mathematical research. -A number of new series of mathematical 
books have beew planned in the last five years. Of one of such series, 
viz; "Die Grundlehren der "Mathematischen Wissenschaften," ably 
editéd by Professor Courant of Göttingen with the co-operation of 
Professor Blaschke of Hamburg and Professors Runge and Born of 
Góttingen, we propose to write-at some length in the following lines : 


-“The- series is intended to consist of introductory text-books, each 
independent of any other, for the most important branches of Pure 
and Applied Mathematics.” The modern requirements of mathematical 
rigour are kept:in view.and the needs of the physicists. апа engineers 
are not lost sight of. In each case, the text is illustrated by a 
number of problems and‘examples; 


M It Net evidence of the intelleetnal virility of the Germans 


Up to this time the following seven volumes have been published : 

Blaschke's * Lectures on Differential Geometry and geometrical 
foundations of Hinstein’s theory of relativity” in 2 Vols. 

Knopp's “ Theory and application of infinite series,” 

Adolf Hurwitz's “ Lectures on the general.theory of functions and 
elliptic functions" brought out and completed by Prof. Courant. 

Madelung’s “‘ Mathematical means for physicists.” 

Speiser’s “ The Theory of groups of finite order." 

Bieberbach's. ‘Theory of différential equations.” 

In the. present issue of the _ Bulletin we propose to review the 
book of Bieberbach  reserving the review ofthe other books of the 
series to subsequent issued. • 

Professor Bieberbach'8 book is specially remarkable because of 
its being originally conceived and also because of its being thoroughly 
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up to date in all those matters which it deals with. The author's 
conception of an ideal text-book on differential equations is a book 
which should enable the reader to study any oMginal paper on the 
subject with understanding and without feeling that he is studying 
something quite strange to him. Professcr Bieberbach declares this 
ideal to be impossible of realization and has therefore contented self 
with a wise choice of topics some of which, although of ra Ae 
importance, have up to now found no adequate place in any text book. 


The author divides the book into four parts. The first part deals 
with the ordinary differential equations of the first order. The second 
with those of the second order, the third with partial differential 
equations of the first order and the last with partial differential 
equations of the second order. 

The first part is divided into four chapters which respectively 
treat of elementary methods of integration, the method of successive 
approximations, the discussion of the course of the integral-curves 
and the differential equations of the first order in the complex domain. 


The second part is also divided into four chapters which 
are respectively headed, the existence of salutions, elementary methods 
of integration, discussion of the course of the integral-curves and 
linear differential equations of the second order in the complex domain. 


The third part has only one chapter and the fourth is divided into 
four chapters which bear the titles, general, hyperbolic differential 
equations, elliptic differential equations and parabolic differential 
equations. ; 

On the second page the author makes the following striking prono- 
uncement: “Itis, however, always the o2ject of the theory to aim 
at the determination of the properties of-tLose functions which satisfy 
a given differential equation or a given system of differential equations. 
The smallest requirement is, to find an explicit expression for these 
functions. It is more important to deduce how the functional character, 
therefore, for example, the course of the ccrve-image, of the functions 
giving the solution, depends on the properties of the differential 
equations and can be determined by them.” The firat chapter of the 
first part gives an interesting and instructive exposition of the most 
elementary topics, including the standard forms. The second, third 
and fourth chapters deal with matters which have found practically 
no mention in even the most recent edition of Professor Forsyth’s book 
so well-known to studqnts in India. Professor Bieberbach begins 
the second chapter with a careful statement of the existence—theorem 
which may be usefully reproduced here ; 
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-- “Tn the differerftial equation 
у a e | 

* Ушу), 

. de 

€ | Е 
for a given convex region B of the a, y plane, let, f(x, у) be continuous 
and вау for each point-pair (x, y,) and (#,y,) in that region the 
condition M Lipschitz | . 


. Hn, и.) Ле, yt SMIy-yl, 


where M is a suitable positive number independent of s and of y, 
and y,. Further, in В let ` 


| fly) | «M. 
Further let а and b be two positive numbers ivhich satisfy the conditions 
| b>aM . 
and for which the rectangle | | 
| #—ro | <a, 


[у—у | <b 
belongs to the region В. 
Then there is exactly one function 
y=¢(r), 
continuous along with its first differential co-efficient, which satisfies 
the differential equation, for which, therefore, in 


| 2—3, | «a 
$! (e) f (x, $(=)) 


holds and which at the same time passes through the point (26, yo) 
for which therefore E 


ele) zy," 


In the third chapter, a singular point is defined as a point where one 
or more of the suppositions made in the afore-mentioned theorem are 
not true. With-a wealth of simple cases, 69., У ФУ [у 1, itis 
brought home to the reader that although the mere continuity of 
Ка, у) ensures the existence of at least one solution through every 
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point, a number of solutions may pass through thaf point. А classifi- 
cation of the various types of singular points ologes the preliminary 
exposition after which general theorems on te course of integral 
ourves in the real region are given and then a careful and lycid 
exposition of the investigations of Poincare, Bendixson and Perron. 
The third chapter closes with an interesting discussion of gingular 
solutions, The fourth -chapter opens with the definition of = &nd 
moveable singularities, proceeds with the treatment-of Alifferential 
equations with single-valued integrals and ends with the discussion of 
the behaviour of the integrals in the neighbourhood of singular points. 


A detailed review of the remaining parts is vot desirable. Suffice 
it to mention that the treatment of the differential equations of the 
second order includes not only the salient features of the first part but 
also an interesting exposition of the relation between those differential 
equations and the theory of integral equations, that the discussion of 
partial differential equations is not only simple but rigorous and 
that most of the latest researches on the subjecb of the nature of the 
solutions of partial differential equations of the second order find 
mention in the last part of the book. 


Professor Bieberbach has laid the mathematical public under a 
deep debt of gratitude by placing before it a book which is full of 
suggestive results and is a marvel of lucidity and rigour. 


GANESH PRASAD 


Се 
, UR AsuTOSH MOOKERJEE 


< | Life Sketch 


ir Asutosh Mookerjee was born in Caleutta on June 29, 1864. 
ве Dr. Gangaprasad Mookerjee was an eminent physician and 
a muelNesteemed citizen of Calcutta. After finishing the preliminary „ 
course in а vernacular school (1869-72) Asutosh was taken in hand by 
his father under whose direot supervision he proseeuted his studies till 
1875 when he was admitted into the South Suburban School and 
matriculated in 1879 at the age of 15 standing second in the list of 
the successful candidates. His undergraduate career in the Presidency 
College (1880-84) was one of uniform brilliance and in 1884 he 
topped the list in the B.A. Examination. He took the degree of М.А, 
in Mathematics next year and in physical Science in 1886, The 
same year he was awarded the Premchand Roychand Studentship and 
admitted as a Fellow of the Royal Society of Edinburgh. He completed 
his law lectures in the City College and passed B.L. in 1888. The 
same year he was enrolled as а Vakil of the High Court, having at 
the same time completed the period of artieleship under the late Sir 
Rash 'Behary Ghosh. Не had been a Fellow of the Caleutta 
University since 1889. The Doctorate of law was conferred on him 
in 1894 and his “ Law of Perpetuity " embodying the lectures 
delivered as a Tagore Law Lecturer is no less authoritative, though 
not so well-known, than the Law of Mortgage by his legal Guru 
Rash Behary. 

He entered the Bengal Legislative Council in 1899 as the 
representative of the University and was re-elected, two years later. 
He represented Bengal in the Indian Universities’ Commission 
appointed by Lord Curzon and took his seat in the Provincial 
Legislative Council for the third time in 1908 as the representative of 
Caleutta Corporation. The same year the Bengal Council sent him 
to the Imperial Legislative Council as its representative. In 1904 he 
became & judge of the Caleutta High Court. 

He was made Vice-Chancellor of the Caleutta University in 1906 
in succession to Dr. Gooroodas Banerjee and held that honorary but 
highly responsible post until 1914. In 1907 he was elected President 
of the Asiatic Society of Bengal, an office to which he was subsequently 
repeatedly elected. In 1908 he founded the Calcutta Mathematica] 
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Society and was its first President at the time of*his death. He 
accepted the Vice-Chancellorship again in 1921 for wo years at the 
special request of Lord Chelmsford and Lord #Ronaldshay. He 
resigned his post asa Judge of the High Court in December, 19283 
On the 26th of June, 1924, he died at Patna. 
What Sir Asutosh Mookerjee did for the Calcutta University ау 
be gauged by the various tributes of respect paid to his тето after 
ehis death. Of these, the following resolution by the Syndicate of the 
Caleutta University may be quoted :— 


We, the members of the Syndicate, at a special meeting convened 
for the purpose, place on record an expression of our profound grief 
at the death of our revered colleague, Sir Asutosh Mookerjee. As 
Vice-Chancellor or as an ordinary member of the Syndicate he had 
been intimately associated with its work since 1889. For thirty-five 
years he placed his outstanding intellectual powers and his unrivalled 
energy ungrudgingly at the service of his colleagues, thereby enabling 
them to carry out a task which year by year became more difficult, 
laborious and exacting. The remarkable developments in the work 
of the University during the last two decades which it was our 
privilege as the representatives of the Senate to direct, were largly 
the product not only of his constructive genius bat of the selfless, 
incessant and devoted toil, which he brought to his task as a member 
of our body. The personal. and private sorrow which we. each 
individually feel at the loss of our distinguished colleague is intensified 
by our keen sense of the irreparable injury to our work which will 
be caused by the absence of his indefatiguable energy, his directive 
skill and his unique krowledge.and experience. In’ paying our 
sorrowful tribute of respect to the friend, colleague, and leader whom 
we have lost, and in placing on reeord our profound admiration for 
the services rendered to the cause of education by the work which he 

' accomplished ава member of our body, we express the hope that the 
memory of hisdevoted labours may inspire those of us who remain, 
and those who follow us, to imitate his great example, and dedicate 
all the powers which they possess to the service of their University 
and to the achievement of that object for which he lived, the 
advancement of learning amongst the people of his motherland. 

Sir Asutosh’s contributions to the stock of mathematical knowledge 
consists of nearly twenty papers published in the Journal of the Astaite 
Society of Bengal, the Messenger of Mathematics and the Quarterly 
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Journal of Mathematics, during the years 1880-1890. Sir Asutosh's 
boldness of vision and independence of thought—qualities absolutely 
necessary for sucdbas as a mathematical investigator—showed them- 

lves very early when, as a student of the first year class of the 
Presidency College, he wrote his first paper in 1880. This paper con- 
tains new proof of the 25th proposition of the first book of Euclid, and 
it арређгед in vol. 10 of the Messenger of Mathematics of Cambridge in 
1881. Whilst still an undergraduate Sir Asutosh wrote a paper on some * 
extensions of a theorem of Salmon’s and this paper appeared in vol. 18 
of the Messenger of Mathematics in 1884. In October, 1884, he took 
a step which brought him to the threshhold of what might have 
been a career full of bigh achievements as a mathematical investigator : 
whilst a student of the fifth year class he gave a new method for solving 
Euler’s equation based on the properties of the ellipse. Sir Asutosh 
was а careful student; and ће was so confident of his own abilities 
and intellectual powers that as soon as he came across any problem 
which eballanged his intellect, he would at once attack it. If, therefore, 
he had studied with the same care a book on elliptie functions more 
modern in its contents than Cayley’s book, eg., Briot and Bouquet’s 
“ Théorie des fonctions elliptiques " which had appeared as early as 
185%, Sir Asutosh would have certainly made many important 
contributions *o the theory of functions in general and the theory 
of elliptic functions in particular. But unfortunately, like many 
Indians in the eighties, he thought that everything worth knowing 
about a mathematical subject could be found in English books. 
As a matter of fact, English mathematicians were themselves 
very late in picking up the new theories that had come into 
existence and been developed on the continent. Sir Asutosh had no 
guidance in his research work ; there was по опе іп India in the 
eighties of the last century who could be worthy of being his guide, 
In 1887, Sir Asutosh took up the study of Monge’s differential 
equation for the general conic. Boole had stated in his book on 
differential equation’ that the differential equation of Monge has not 
been geometrically interpreted. Sir Asutosh undertook to obtain the true 
geometrical interpretation and criticised the interpretations given by 
Professor Sylvester and Lt. Colonel Cunningham which were res- 
pectively the following :— 


“That the differential equation of a conie is satisfied at the 
sextactic points of any given curve” and 
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“That the eccentricity of the osculating conie of a given conié is 
constant all round the latter." 6 
- Sir Asutosh devoted more time to this problem Phan was necessary, 
considering the fact that its solution was even then a mattér of $ 
great importance and is now of interest as а mere curiosity. „Sir 
Asutosh published altogether four papers on Monge’s антены 
equation and gave as the true geometrical interpretatifn the 
following :— E 

“The radius of eurvature of the aberrancy curve (discussed by 
Transon) vanishes at every point of every conic.” | 

Among the other publications of Sir Asutosh may be mentioned 
two papers on isogonal trajectories, two papers on Hydrodynamics, 
a paper on an integral of Poisson and a paper on the determination of 
certain mean values by means of elliptic functions, Sir Asutosh’s 
contributions to mathematical knowledge were due to his- unaided 
efforts while he was only a college student. After Bhaskara, he was 
the first Indian to enter into the field of mathematical research as 
distinguished from astronomical research, and did much which was 
truly original. | 

À list of the papers of Sir Asutosh Mookerjee is appended to this 
obituary. 
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(+) “On а Geometrical Theorem ” (Messenger of Mathematics, Vol. 
10, p. 122). 
(tt) “ Extensions of a Theorem of Salmon’s (Messenger of Mathe- 
matecs, Vol. 13, р. 157). 
(tit) Mathematical Notes (Reprints from the Æducational Times of 
London). 
(tv) * Note on Elliptic Functions” which has а referred to in 
Enneper's Hliptische Funktionen (Quarterly Journal of 
Pure and Applied Mathematics, Vol. 91, p. 212). 
(2) “ On the Differential Equation of a Trajectory” which has 
been referred to in Forsyth's Differential Equations (Journal 
of the Asiatic Society of Bengal, Vol. 56, Part IT, p. 116). 
(vt) “On Monge's Differential Equation to all Conies” (ibid, p. 
184). 
(vit) “ Memoir on Plane Analytical Geometry ” (1614, p. 188). 
- (та) “А General Theorem on the Differential Equations of the 
. Trajectories” (#4, Vol. 57, Part II, p. 72). 
(12) “ On Poisson's Integral " (+014, p. 100). 
(г) “On the Differential Equation of all Parabolas ” (44, р. 316). 
(2) * The Geometrie interpretation of Monge’s Differential Equa- 
tion Sf to all Conies ” which has been cited in Edward's 
Differential Caleulus (ibid, Vol. 58, Part IT, p. 181). 
(att) * Some Applications of Elliptic Functions to Problems of Mean 
Values, Parts I and II" (#4, pp. 199 and 218). 
(ачи) “ On Clebsch's Transformation of Hydrokinetie Equations and 
Note on Stokes’s Theorem of Hydrokinetie Circulation " 
(+64, Vol. 59, pp. 56 and 69). 
(aiv) On a Curve of Aberranoy (tbid, Vol. 59, p. 61). 
(rv) “ Remarks on Monge's Equations to all Conies ” (tbid, 1888). 
(avi) “On Some Definite Integrals.” 
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(ари) “On an Application of Differential Equations te the Theory of 
Plane Cubics.” 
(xvitt) “ Researches on the Number of Normals ycommon to Two 


Surfaces, Two Curves, or a Curve and a Surface. ’ 
(atv) “Application of Gauss's Theory of Curvature to the КЕЕ, 
of Double Integral." = ГА 
у 
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According to the fundamental theorem of the Integral Calculns, the 
integral function : _ 
| roe {дә 
has a differential coefficient f(æ)-at any point of continuity of f(x). _ 
But the usual proof to be found in books on the theory of fanctions ^^ 
of a real variable fails altogether when we consider the question of the 
existence of the differential coefficient of F(x) at a point where f(z) 
has a discontinuity of the second kind. ; 
The object of the present paper is to investigate the conditions, . 
which must be satisfied by f(x) or the types of functions to which f(s) 
must belong, in order that F(#) should have a differential coefficient 
at a point.of discontinuity of the second kind of f(e). The results 
obtained by, me are believed to be all new. 
For the sake of simplicity and fixity of ideas, I take the point of 
^" + @iscontinuity to be в=0 and represent the integral function аз 
ed i 


^ D 


MEE же, | а, 


0 


"Throughout the paper (а) denotes a function which is monotone in the 
neighbourhood of #=0 and which tends to infinity as + tends to 0, 


. Le у = сова) 


6 1. Let f(2) =еову (2). 
Then, at х==0, F(z) has a differential coefficient equal to zero when 


E: MEO (1) 
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and F(w) has no differential coefficient when А 


Haye tog ( 3 ). 


Proof : — 
(a) Case: y(x) ~ log (1 ) 
“Since | | 
а (1. M -Y j 
реи} =оову Wye sin y, 


integrating both the sides of the above equality, we have 


w æ 
а сов y de -{ an віп у da, 
| “0e 
$.6., 
2 g 
| сов y de= En» E А siny dr. 
(у)* 
0 0 
Now consider 
Lim F(a) 
#=-+0 `z 
This equals 
2 
' Lim siny lim 1 y . 
But, since | 
y > log E 
2 
VoM, 
[4 
fe, : uf æl; 
also У | 
(rs 


(1) 
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and consequently * 


• к gin y 
4 q^» 
is Sontinuous at-ø=0, "Therefore. both the limits in (1) exist and 
anaes, Therefore 
Lim (а) 


. 2:0 7л uM 


exists and equals zero. 
Similarly it can be d that 


exists and equals zero. 


Hence Е'(0) exists and equals zero. 7. 


(6) Case: T W(w)r (Д D 


Integrating by parts, 
© NE s. wd 5 D 
| cos y dae бов ++ | mj" sin y de. 
0 0 


Now, - а 


+ 


VL te, of 1. 


Therefore zy sin y is continuous at 2==0 and, consequently, 
| ty віп y da 


has а differential coefficient zero at s-0. Therefore, at 2==0, F(x) has 
no differential coefficient, for e сову has no differential coefficient there. 


(e) Oase De iesus (А ) 


DE E t PES — 


Е. - а) а-в, 
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where а is a constant, and 2 is positive. Then, 


onl • 
е 9 » 


F(2) cos «| cos log 1 desire sin log de / 
0 0 


t À— 


Ea) b pora 
l— = log = = 
сов log — sin log - | cos log = + sin бок 1 
= сова. ———— y SIN а, 
2 2' 
d 1 cosa—sina __ . J. l cosa-sina 
=== cos log hot. e sin log ык ртт 


= 7 cos ( yi } 


Therefore, whatever а may be, Е'(0) is non-existent. 


Generally, let 


to] e 


VG) 5 Í ol | log 1, 
where o(æ) 1. Е = 
Then, proceeding as in (5), we have 
8 2 
Jor сов y- | т” siny di 
0 0 
m | А 
=) f голова — Lo) | ginydr 


È 


== COS Y — | gia y de + G(x), 
0 
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where (+, being the integral function of a -continuous integrand which 
tends to 0 with g, has а differential coefficient zero at #=0. 


Therefore in Н limit we may take 


К 
• 
\ * x : = 


| cos у ds 1008 | sin y dx, 
€ 
` E 


в n 
| sin dez sin eme 
0 . 0 


` Therefore, as « tends to zero, 


vx 
А | сову dr 
0 
behaves as 
cosy—sin у 
з. 1-31, 
7.6., 88 


Amm) _ 


Hence Е'(0) is non-existent. 


П. f(2)—x(9x) cos у (20), x being monotone and limited 


$2. If Ка)=7Х6о) вов (о), where x(x) is monotone and of the 
form Ах, (х), А being а constant, different from zero, Hug x 1, 
then F'(0) exists or not according as 


1 1 
yw log 3 or ya logs: 


Example. 


e 
K 1+ V3 ) 1 
сов = dz 
= 
0 - 


has a differential coefficient zero at #=0, 
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ПІ. /(x)-x(x) cos æ), xzbeing limited’ but not 
monotone | • 


d 

$3. Let f(#)= x(x) сов (а), where x(2) is not monotone but is of, 
the form А--х, (2), A being a constant different from zero and x, A 
equal to B cos у, (w), where B is a constant different from zero #4 


y, al. 


> ‘Then Е(0) exists or not iuo as С 
у ~ log 2, or y =, logi, 
y, not being «= y. 
Proof :— 
& 
кон | (A+B созу, cos Y da 
0 
ш © 2 
=a] cos ф de+ ЈЕ (de eos (4—4, јал... (2) 
0 0 ` 
Now, when | у logi, T 


уу, alog}, and also y—Ņ, alog}. 


Therefore by $1, each of the three integral functions in the equa- 
tion (2) to whose sum F(z) is equal has a differential coefficient zero at 
2==0; consequently F'(0) exists and is zero. 


When у, log, 
then two cases arise; either 


1 1 
Vi G lg ог Vi dogs. 


In the first case the second and the third integral functions in (2) 
have each zero as their differential coefficients at 2-0, and the first 
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integral function has no differential coefficient. Hence F'(0) is non- 
existent. In, the gecond case there are three possibilities according as 


1 1 
м y: log-, and Џ,~ log, 
Gt) * E yx log 3 _and pi log i i e 
ar 5 
(ts) 


= 1 1 
ш К and Џ,~ log. 
For ($), it follows from (b) of 8 1, that *@ ) behaves as 
7 В B 
A cost 008 (Y+) c сов 0—41), 


and therefore F'(0) is non-existent. 


For (и), it follows from (b) and (¢) of §1 that Е) behaves as 
2 


В т В т 
À сову + аб cos (Уфу, + Hr avg e (vt 4 j 
and therefore F'(0) is non-existent. | 


For (їйї), it follows from (с) of $1 that ES behaves as 
E eos ( ут + zs cos (| VH T ) 
GRG 5 међа Le t5 z y 
+ $73 vn (+1) 


and therefore F'(0) is non-existent, Р 
Е гатріев, 


tb 
; 1 1.’ 
, — — i 
а) For mE) 
0 gp 


has а differential coefficient zero at в=0. 


* 


* 
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dl ҳак : a 


" 
НЕСЕ 
(2) | ( log ca ) sin f log = } аг . 
0 . - . / 
has no differential coefficient at »==0. 


$ 4 Consider now the case of у, у and let у, = (А +q) where 
A is а constant different from zero and с<1. A number of cases arise. 


(1) Ну ов, the first two integral funotions of equation (2) of 


the previous article have each zero as their differential coefficients at 
z—0; consequently F'(0) exists or not according as 


(уу) > log 5 от 0—4.) & log Д, 


which latter case can ђе possible only if А=1; provided that it is 
understood that #0) always exista if (b —y.) — 1. 


-- (is) If К logi, then (04-0, ) = log and either 
e 


Le Wa) Пов, or (m4). 


Therefore in this case it is easily proved by proceeding ав in the 
preceding article that Е'(0) is non-existent. 


Qu) 1 у logi, then (s) log? and either 


130—0) Glogs, o WH). 


Therefore in this case it is easily proved by proceeding as in the 
preceding article that Е(0) is non-existent. 


Ezramples. 


ga 
(1) K +оо + ) cos La, и 
[ој E 
. 0 7 
has а differential coefficient at 2=0 and is equal to +. 
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. 
g 


* 
(2) Д | 1+ cos log 1, cos ола 
И 0 
DN differential coefficient at #=0. s - | 
D Е 
* -—— 
i 1 
(3) | {2+ ^/ (д }} cos log = de 
0 И - 
bas no differential coefficient at 2=0. | 
ag 
г... 1 5 
(4) | cos? log E sin log pde 
0 


has no differential coefficient at 20. 


IV. f(x)-x(w) сов yo), x(x) >1 


$5. Let Ка) =х(адооз (=), 


where x(w) is monotone in the neighbourhood of 2==0 and tends to 
infinity as + tends to zero. Then assuming that the improper integral 


© 


ге | x(a)da 
0 
exista and F(#) becomes 
$ 
(ноза, 
0 
p(t) standing for (ж), the criteria of $ 1 are applicable. 
Axamples. 
z 
| 1 1 
1 pe . 
( ) E сов s da 
3 £ 


has a differential coefficient at w=0, 
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o2 
e 
(2) | т вов la, г e 
a Ф 
0 


has а differential coefficient at 2==0, p being any positive proper fraction 


and & being any constant greater than zero. К 


@ 


` (8) E cos ( log s Jae 


0 
has no differential coefficient at 2220. | 


v 
1 1 
J*( 08 з 


has в differential coefficient zero at #=0, 


V._f(x)=x(œ) cos v(x), x(x) being neither limited 
nor monotone 


$6. If f(e)= Хи) cos (о), where x(x) is not monotone but makes 
an infinite number of fluctuations with indefinitely increasing amplitudes 
as æ tends to zero, the procedures of the preceding articles cease to be 
applicable and in each case a special procedure is necessary, 


Examples, 


(1) Let fie) = { 1+ ly tan (ә )} cos (ө ). 


w 


ш 


Тћеп [roues cos( г ) i 


9 


* 
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` 
Therefore F'(0) is non-existent. 
+ 


(3) Let ‘ое {1+2 s cos ( 1). 
хо Р 


Then * {лове cos. 


Therefore F'(0) is non-existent. 
БРИ 1 1 
(3) Let Да)= { @+®—р) а ++, tan (5 )| cos (à ) 


where k and p are both greater than zero. Then 


2 
eas cos a 


Therefore Е'(0) is existent or non-existent according as X» p or not. 


$7. Iff(v) makes an infinite number of fluctuations, not only in the 
neighbourhood of #=0 but also in the neighbourhood of any point 
z=u,, {o,} being an enumerable and everywhere dense aggregate with 
0 as a limiting point, then the procedures of the preceding articles 
cease to be applicable. 


E sample. 


(1) Let (а) = zo = , where {w,} is the aggregate of 


rational numbers with 0 as a limiting point. 


Now 


ESS sin =. 


EI 1 
=- 35 сов EX ax (t— bs ye. ces | 


Ds 


а * 
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, 
term-by-term differentiation being permissible, as all the series 


concerned are uniformly convergent, Hence, integmfing, we have 





—S (ao) sin 1 ; / 
[ 1 2 ] 
0 


But obviously each of the two terms on the left side in the above 
equation has a differential coefficient for +=0, Therefore F'(0) exists, 


‚ TIDAL OSOILLATIONS.ON A SPHEROID 


Bk 
B. M. Sex 


The problem of tides on a globe was initiated by Laplace* and was 
further developed by Kelvin, Darwin, Airy and Hongh, In his treat. 
ment of the tides оп` rotating globe, Laplace -found the dynamical 
equations of tidal oscillations on а apheroid bnt passed off at once 
to the globe neglecting the eccentricity of the meridian section. 
The assumptions on which his treatment was based were the 
following : 5 

(1) The motion is supposed small, so that the product and squares 
of the velocity are neglected. 

(2) The pressure is the same as the hydrostatic pressure. 

These are the usnal assumptions of tidal oscillations. 

(3) The free surface is an equipotential surface and the depth 
h of the liquid is supposed small, but arbitrary. 

This implies that the surface of the spheroid is an equipotential 
surface or only slightly different from an equipotential surface. 

(4) The ratio of the centrifugal force at the equator to the gravity, 
o*a/g, is supposed small. 

(5) The eccentricity is neglected-in the subsequent treatment. 

(6) The attraction of the layer of liquid is а» this has 
been taken into account by subsequent writers. 

In the following pages the problem of tidal oscillations оп a 
spheroid rotating as well as non-rotating is dealt with. The eccentricity 
of the meridian section is not assumed small; the problem, moreover, 
differs from that of motion ona globe by the fact that № is presoribed 
by the necessary condition that the surface of the spheroid and also 
the free surface must be equipotential surfaces, 


* Full references are given in Lamb’s Hydrodynamics, Art, 218 et seg. 
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§ 1. Let the equation of the planetary spheroid be 
7 • 





$ (ЗА. 
E T s =], "T (4) 
5 и 
Introducing the spheroidal co-ordinates, 
в=ей, осм x VIER, А @) 


the spheroid is given by the equation 


£-za, a constant. 


Then "e 
Pes 1 1 $ _1 * 
8s = A sét + Бу, 5 + À" 5$ E eee (3) 


ба being an element of length in space where 


„101-6 ү (зе y 
iEn) ње (Ер). 


1 


UMOR касни у. w (4 
at 0 t) s: 


1 
hmm 


$2. Consider first the саве of no rotation. Let the depth of the 
liquid be А which is taken to be small. Neglecting the mutual 
attraction of the liquid particles, for equilibrium it is necessary that 
the surface of the spheroid be an equipotential. Now the potential of a 
solid homogeneous ellipsoid is given by the equation * 





Var pabe{y'—ax* — буз —yz" }, ew (5) 
du - du 
where ха q' fo eto. 
À À 
and Q =(а3 + %)(53 +) (се +и). 


Tn no case except that of the sphere, can the surface of the ellipsoid 
be ‘an equipotential We, therefore, make the assumption that the 


" # Routh, Analytical Statios, Vol. IT, Art, 225, the sign of V having been reversed, 
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spheroid is heterogeneous and its equipotential surfaces are confocal 
spheroids. These dre given by the relation {=const., and V is a function 
of only. s 

. 


4 3, The equation of tho meridian section is 


w? POR 

* pne =e. … (6) 

Ав the thin layer of liquid is encased between two confocal 
spheroids, the depth h is given by the relation. 


— с Ка 7 
d md n we (7) 


where xis a constant. If x be the height of the Наша above the 
undisturbed surface, the pressure at a height H above the surface of the 
spheroid is given by 


о (hy 


=C-+9(h+x—H), „(8 


with the usual assumptions that the pressure is the same as the 
hydrostatic pressure and the variation of gravity along h is neglected. 


Now g=+[ oy 


Jon tl Se p. 079 


Ав V is a fanction of { only, Ə V i5 а constant on the surface of the 


On 
spheroid. Putting 
=+[ 97 ] 
f +| OÙ 1а 
we have 
g=+h,f, where f is а constant, .. (10) 


We have; therefore, 
P zz Const. f Кох ) 
p h, 


= Const. + fh, x. (11) 
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54. Denoting by ч and № the velocities in thb direction of # and 


ф respectively, the hydrodynamical equations are + 
• 








Өз À.BP ,80.. 4 8 2 
dt =? Bi "SET Жыр (tatg) e A 
awh, ðP, 80 __ | 
87-86 8s gg Ut) И 


where Q is the potential of the disturbing forces. 


The equation of continuity is 


-E (+ «)&- 5, ( (17; 


= d ( 8 8$ ^ 
iv ЫХ) 
LE „Өү у О үа 
= yh, dt = & (ck «25, (х9) н СМ) 


Differentiating (14) with respect to ¢ and substituting from (12) 
and (18), we have the equation satisfied by А,Х, 


ET, d dr Ф|: e {eh e (љх+%)] 





tink s o 7)! J … (15) 


® ено ира [асю CE 


+85 lace ET) as (txt FD} ] в 2408) 
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Assuming the Motion is simple harmonio with time-factor e'** the 


equation (16) becomes 
e 


e toe TR 9 fa-e 5 (5x2 )] 


p oic be 8: (hx 9 )=0, e (7 


£ being a constant equal to a. 


$5. Considering the case of free oscillations, we have putting 
£0, 


E (еа) ) À 9 fa- —ё) шо, } 


£* +a? Э*(Ъ,х) — 
TOS £*)(1--a*) ap =0. шы (18) 


We may further take А, ҳо Le np, the equation reducing to 
the form 


Lu gh} eem (7 
es D^ x=0. … (19) 


-— 


This is a linear differential equation with constant coefficients. 
The singularities аге ¢=-++1. These points are however regular. 


For a globe of radius a, 
a= oe, о=0, while cazzo, 
this equation reduces to equation (1) of Art 199 of Lamb's Hydro- 
dynamics. 


$6. Taking the particular case of oscillations symmetrical about 


the axis we have putting n—0, 
• 


fa- —£) En | +(e bat) ота? (hx) =. m (20) 


ESI xf 
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А 03g 2 А f 
Putting A= uf and assuming as a solution H 
K 
Е (as "Fa Eas +.) 


we have as the Indicial equation 


r(r—1)=0. … (81) 





The successive coefficients are given ky the relation 6 
a, c DO Bye Antes, + Аа,-, Т) 


а, =10%21)09-2+Ааја,., ,when n< 4. р (28) 


n(n—1) 
We may therefore write the solution in the form 
hex (ao a, E alt ss] Ra Ea Hak +. } o (24) 


$7. Consider the disturbing body moving in the plane of the 
equator ab a distance R from the centre. If y be the gravitational 
constant, M the mass, В the radius vector, ф' the angle between the 
radius vector and the y-axis, the potential () at a point on the surface is 
given by the equation 


a ee и 15 | 
[3 + (В cos d'y)" + (Б sin ф\—>)* М2 


`=— YM {1+ ycos'+zsing" _ Туи 
R R D = 


8 (усовф! --zsin$!)* 
+ 5 о dome | … (26) 
neglecting terms of higher order in ( = ) 


The second term represents the potential of a uniform force УМ in 


В: 
the direction of the disturbing body. The potential of the relative 
attraction is, therefore, 


s чи) 5 (yoosd'+esing’)*}. 


Substituting this value in equation (17), we get the height of the 
tidal wave, though the equation becomes unmanageable. 
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$8. If the sfheriod has an angular velocity o about the a-axis 
which is taken in unt, the problem becomes more complicated. 
The surface of the spheroid is, as before, an equipotential surface under 
th8 gravitational force and the centrifugal force. In fact, if the 
spheroid is taken to be homogeneous the surface is that of a solidified 
slacLaurin’s spheroid. Making this assumption and taking the 
equation (1) as the equation of the surface, the gravitational potential 
at the surfåce can be written 1n the form 


О=тр{а, (* -- Boy? + Во =? —хо} .. (26) 


oo oo 
du du 
h = LET = Li. ET = 
where a aof +, Во 4 CET 
0 0 


oo 
„=з A, and A*-(au)(b-bu)*.  … (27) 


0 


The condition that the surface of the spheroid is an equipotential 
gives the familiar condition = 


азау=ђи( B,— =) | … (28) 


Negleoting the variation of gravity for & small depth k, we may take 
the potential at the free surface 


У = У +9, .. (29) 
where д==<5—. 


If 1, m, n be the direction-cosines of the normal at +, у, 2 


1—25 mold n =? 


a?’ Ъз? с? , • 


p being the perpendicular from the centre on the tangent surface. 
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Since the free surface must be an equipotential, f must have 


gh=c • .. (30) 
But : 


by virtue of equation (28), À being a constant. 


We have, therefore, 


? 


and h=kp, (31) 


where k is a constant. 
$9. The equation of the meridian section being 


@% w? = 
Ppt wath) = 





SP ge rubo cu E с 
р? 682% e*(1-4- (9)? c* 9 (3-3) 
and cos 9 — P? = бање) 





The dynamical equations become (writing ч for velocity in the direc- 
tion of $ and v for velocity in the direction of $) 


Bi 2wv сов 6==—ћ, DE (Z—Z)g 
Qv, = & Z 
EY Фон сов д= ћу 5% (2 2)9 TP (32) 


Ж being the equilibrium-heighs of the liquid. 
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The equations continuity is 


1 Lo 2 ( kup )- 2 (52 ). . (88 
я AQ, dt — де 89V №, non) 
Ког free oscillations, symmetrical about the axis, 
* 
: Z=0, 97 =0; 
we have = 


Ou — 200 сов 0@=—й, д (20) 


9: дё? 
д» + он cos 6=0 (84) 
EX =0. ss 
Eliminating v, 
O'u as 2.4, 9*029) 
38 +404 сов? = —h, 525: : .. (85) 


We have therefore as the Particular Integral, the exponential time 
factor o% béing understood 





| E 0 *(Zg) : 
100+ | (88) 
с? —4*c0876 ' и 
The complementary function is 
а= А' сов (20 cosh te), .. (87) 
Substituting in equation (33) 
Ә *(25) * 
1 9%, 8 (а BEBE.) 
ћаћ Of BE\ №, o° —4ю* сов" 0 


97 
Putting n for — Bi? 


df hy. 4 
id, tu sibus 5E) jie (38) 
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Substituting for ^, and À,, we get [ 
apes я) ay M d of(1—é* )(1--£*) • 1 dy 
А Ops ex а _ o03—4stcos*0 d£ 69 


¢ being a constant а on the surface of the given spheroid. It is a linear 
differential equation of the second degree. The solution, however, is too 
complicated to admit physical interpretation. . • 


810. If we take the presence of the disturbing body into account, 


we have to substitute the value of Z, which :s the equilibrium-height. 
It is given by the value of the potential invest:gated in Art 7 above, 


\ 


ON A THEOREM OF LIE RELATING TO THE THEORY OF 
INTERMEDIATE INTEGRALS OF PARTIAL DIFFEREN ITAL 
е EQUATIONS ОР THE SECOND ORDER 


` 3 


„ 


By . 


HanzNDRANATH DATTA 


The theorem referred to ів the following :— 


If а partial differential equation of the second order possesses two- 
independent Intermediate Integrals (cf the Monge’s type*), tt can be 
reduced to the form s=0 by contact transformation. 

The object of the present paper is to show that the possession of two 
intermediate integrals is в sufficient condition but not a necessary condition 
for equations of the second order which can be transformed into the 
form s=0 by contact transformation. For this purpose, it is enough to 
find at least one example in which the equation of tha second order 
satisfies the following conditions :— 

І. It is reducible to the form.s=0. 

II. The transformation used is a contact transformation. 

TII. It does not possess two independent iatermediate integrals of 
the Monge’s type. Mi 

The equation found to satisfy the above conditions is the well-known 
equation of the Minimal surfaces, vtz., 


(1+4")7—2рав + (1-- p* )t—0. 


I 
Taking Weierstrass’s solution of the equation 
(L4 q*)r— Zpge  (1-- p* )t=0, e (i) 
we have 
y—(l—s3)U"--24U'—2U -(1—9*)V"--2eV'—2V — .. (ii) 
у= (1+4 )U"--240'—2U + (1+0) V"—2»V'--2V] (iii) 
2—2uU* —20' + 2e V" —2 V' Е 7 accu) 


* Prom Art. 254, page 205 of Forsyth’s Theory of Differential Equations, Vol. 6, it 
is clear that Integrals of Monge's type are meant here. The theorem was afterwards 
discovered independently by Darbpux. 
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where U and V are arbitrary functions of u and e геврроНувју and the 
dashes denote differentiations with respect to the corresponding 
parameter. • 


2 • 
If, now, we choose co-ordinates X, Y, Zin such a way that X=u, 
Y e and Z=s [the relations between и, v and +, у being given by tke 
equations (ii) and (111)], then it is evident that (iv), when transformed, 
ER 9:7 . : ids . 
| will reduce to SXOY =0 by differentiation. 
But (iv) is really the most general solution (expressed in terms of 
X, Y, Z) of the equation (i). 
Hence, the differential equation (i) is reducible to the form s=0 by the 
the preceding transformation. 


п А Е 


We find from (ii), (iii), (iv) and the relations Х =, You, Zar 
that 
_ во Le bon” 


PU ae I= ре 





X= ДУ Ер tg Y= — 16 УТ фр ER 
р—9 q+ip ; 


X _ (1—ш)(1—н?) ӨХ _t(l—uv)(1+4*) 


др 2(1--w) ' ðq 2а+е) 


OY _ (1—w)(1—»*) OY i(1—wu)1ld4v ) 


др 2-4) ^^ да  2(1+w) 


02. 1—40 {u(1— ut) U” +0(1—v3 ЈУ“) 


8p i+w 
= 4 =m) 2 HI a "t 
and 82 = (ари) 0" + (+) V". 
= ӘЙ ом 
Hence, P= ax 24U 
EDT 
&nd Qz ay =2%V", 
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. Now, the transtapation used will be а contact transformation if the 


relation | 
dZ—YdX —QdY —p(dz —pds— qdy) n, (7). 


e ` 
- (where p does not vanish) is identically satisfied. 


In the present case, the relation reduces to 


PdX + 94Ү = pda + qdy 
if we take p=. | 
Tt ів easy to see that chis last relation is identically satisfied as each 
side of it becomes equal to 
DS ey СА BuU" du + DV de 


when eds in terms of u, v, etc. 


Hence, the transformation used in reducing the equation (i) to the 
form в:=0 is a contact transformation, a fact which is at once clear from 
the consideration that both the sides of (v) are identically zero here. 


ПІ 


. One of the subsidiary systems of equations (Boole's form) for the 
determination of the Intermediate integrals is the following :— 


до _, Ow. 

012 o Pid ’ 

vs OU po, 22 (pto 08: 
= дз In 


pı and с, being respectively equal to 


HER ts" апа Р-р" tg" 


1+9* 
the roots of the equation 
A+ ut Фри (1++р*)=0 | 
If w, and w, co-exist, then j 


w, eno, [w (w)]— w [w,(w)]*=0 
by virtue of w, =0 and w,=0. This cannot be pnless 


` _ Өш 8v pg d i 1-4 p? +g’ 
= У +k =" m0, where k= . 
Ws ay 9: | pig vi +p + 
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Hence, we get 10, =0 as в new equation, "Now, (,,w,)=0* by virtue 


of 10, =0, | а n 7 
Also t0, ев (00, , w,)=0. • 
k k. 
But w, E(w, w,)=( р Sr- n: 87. 
7 . е 
Hence 0, а 9% —0 


Os 


is а new equation which is necessary to make w', =0. 


We have now four equations, vizs, w, =w, =w, =w, =}, in five 
variables p, 4, x, y, #. It is also easy to seo. that these four а 
form a complete Jacobian system. 


Hence, there can be only one integral common to w,=0 and 12, =0, 


Hence, there is по’ Intermediate Integral (involving an -arbitrary 
function) of the Monge's type. Similarly, it can be seen that the other 
system does not possess any such Integral. 


Hence, we conclude that the possession of two Intermediate Integrals 
is в sufficient condition bul not a necessary condition for equations of the 
second order which can be transformed into the form 8=0 by contact 
transformation, 


* The notations are the same as those used in Forsyth'a Theory of Differential 
Equations. ~ ~ 
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4 
ON AN EXPRESSION FOR 25,0) 


` By. 
SusopcHANDRA Mirra 


The object of the present note is to find а proof for & known 


expression for E 2(@). 


1% is possible for us to express © J, (2) in the form 





ЛОГ 2J (=) log Ces n (e) 


(n--2); Зи (n4) (n+6) 
+ hes А - 2(n+2) „(в в) + cs) +8) Jas (2) 
22 Cr iin Farar (в) +. 


7, (а) satisfies the differential equation 


т.а) +1 ат, Jato) 4 (1 “BP (#)=0. 


Differentiating with respect to n and writing 


2 ve Hs), 
we have 
d*v 1 dv _ 9 
ЛО eg 


To find а solution of (A) we write Зе 
өш}, (гЛова + {А „Ј (о) КА за Ја (0) НА аи нь (0) 
+ Анже де + one Ам Jantar (#) + e] 


84, TT МИЋА 


Substituting for v in (A) and taking conf of the differential 
equations satisfied by Ј,(е), J.,,(s), eto, we‘have after a little 
• 


simplification, | 
Ann | CEDETTE | баба) А | CHRO I3 gala) 
т NM [ex oe TOTOR 
=% (e) — 2 2, (а). e (B) 
s z 
Making пве of the recurrence formula, 1 
Tote) (yes * Је), 
we have 
Ania (n--2)* п}, (а) A га. (n4) п), Gr) 
Asa а) =n} Pata (o) +... 
бај, (а) — 223, ., (2). B 
Now 
wd (2) = 2nd „(2)—2(в+2)1,4,(#)+2(п-4) 1.4, (2) —... 
Therefore 
о 9) nt Haas O+ Anta t mm! Has CS LE 
ФА а Br) mn! usas) e 
Ant BS gag (0) о а T, a (n) +В ина (4) — 
(7) 74291. (ә). s (0) 


Therefore equating the co-efficients, we have, 





(0+2) La (nt4)- 
HEGI а nip! 
" (n2) 
Ал = (— à r(n+r) ‘ 


$ 2 
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It now remaihs to determine A.. When nis any number, real or 
complex 


9, з 4 
эче v — S id а" 
о) сину {1 а) 25214 DEEE) ^ j 
the expression being rendered precise by taking for æ its principal value. 


Thegefore the co-efficient of а in 47 „(ш) ів 


-( log? — _Г(в+1) ) 
+ “а тефор 


and equating it to the co-efficient of с" in A,J,(m), we have 





ZA M(n+1) 
A,= ( 1082+ fn41) / 


In conclusion I wish to express my indebtedness to Dr. N. M. Basu 
for the interest he always takes in my work and to Dr. А, B. Datta for 
his kind revision and expression of opinion. 
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А FEW INTERESTING RESULTS IN CONNECTION WITH THE 
MOTION OF A HEAVY INEXENTENSIBLE OHAIN 
. OVER A FIXED VERTICAL PULLEY 


By 
A, С. BANERI 


$1. Let us first assume that there is no friction between the chain 
and the pulley, and the resistance of the eir is neglected, and the cross 
seotion of the chain is small. у 


It will be an interesting exercise first to find the difference between 
the tensions at any instant at the two points L, M, where the chain 
ceases to be in contact with the pulley. 


Let a be the radius of the pulley, and let m he the linear density of 
the chain which is supposed to be > 

constant ; let A be a marked point on N 

the chain ; let the aro NA be s at the 
instant #; let P be any other point . ~$ А 
on the chain and let the length AP и ~ 
be c; let the element PQ of the. D 
chain be Ac; let / NOP be 9 and 


4 POQ be A6. Е. 
Let В be the reaction per unit 
length between the pulley вид the ix | ез 


chain at the point P at the instant t. 


The total reaction on PQ is ВДо B 
to the first order cf small quantities 
along а direction making un angle Дф with OP where Дф< A0. 


Consider the equation of motion for the element PQ of the chain 
along the tangent at P. 


Hach element of the chain has the same, velocity and acceleration 
as the marked point A at any instant 


mA cvm Доу sin 0+ (Т+ АТ) cos AO—T+RAcsin Дф; 
neglecting small quantities of 2nd order we have, 
~ mAov=mAog sin 0+ AT. 


88 А, о. ЗАМЕВЛ 
Dividing by Ac and proceeding to limit we have, ] 


dT ; • 


то =mg sin 0+ do 


(А) 


Now again, ад==+а, 
ь 88818 independent of c, differentiating along the chain we get К 
адд=а а. 


Integrate (A) with respect to с from L ta M and let T, and T, be 
the tensions at L and M. respectively ; we have 


M M М 
(= тд fine E 
L L L 
Le 
2 


Е sin 640 4- T, Т, 


pol 4 


* mray=T,—Ty. ix (В) 


Let us examine this equation. There are three interesting cases here. 


(4) T,—»T,, when m—>o; 
тв.) the two tensions are the same if the chain is light. 
(it) T,—T., when a—>o; 


i.e, the two tensions are the same if the pulley is small even 1f the 
chain is not light. . 


(tt) T,=T,, when $—2; 


i.e. the two tensions are the same if the chain is moving with uniform 
‘speed even if the chain is not light and the pulley is not small. 
Let us now calculate the total vertical upward pressures on chain. 


1t is 
+ M 


| за: cos б 
L 
e 
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Now the equation X motion of the element PQ of chain along the inward 
normal at Pis ^' 


mAc тд од совв—ЋЕ До cos Ad-- (T-- AT) sin ДӨ; 


neglecting,small quantities of the 2nd order we have 


mv’ 
= Ac =m Лод cos 0—-RAc+T AG 


“mA og cos6—RAc+ Lac 


. _ _ то? T 
г. Bs т И 


where T is the tension at P 


82. Now let us find out T. 
Integrate equation (A) with respect to a from L to Р; we have, 


P (P P 
zi do —mg [^ xi dT 
L L 
0 
(ао ) тов (sinon, 
) 2 
— 9 


z:—mga cos 6-- T — T, 


А THT, тод gt )+та 0086 ; 


Ў Re +-2mg сов 6+ Т, + то ( 5+ 0 ). we (С) 


a 


• 
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Now let the total vertical Thrust on the chain be } Then 


т • 


M 5 м 
== ( Rdo' cos -| Ваад cos 0 


L. 05 
2 


= ай сов 6 { ти р то (+в )+2mg eos ө} 
=2(T, — то) + тают тдат - (D) 
=T, +T, — то? + тдат .. (B) 
as T, =T, тат 


Let us also examine this equation ; there are three interesting cases: 

( Let m—>o, then ЕТ, 
from (D), £e, if the chain be light then the total vertical thrust on 
the chain is twice the tension at Lor M. 

(it) Let v=o and v=o, thea Е=2Т, + тдат 


4.0. if the chain is at rest and continues to be at rest then the total 
vertical thrust oa the chain is twice the tension at L or M together 
with the weight of the chain in contact with the pulley. — .. 
(N.B,—1f initially v=o, but vo, then 
Е=Т, +T, +mgar 
from (E), here T, XT, 


вв, if the chain initially starts from rest, then the tensions at L and M 
are different, and the total vertical thrust at that instant on the chain 
is equal to the sum of the tensions at L and M, together with the 
-weight of the chain iu contact with the pulley.] 


(з) Let a—>? then ЕСТ, — то ) ; 


ie, if the pulley is small, the total vertical thrust on the chain is less 
than twice the tensions at L or M by 2mv*. 
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$3. Let us now consider in the case of a lange smooth pulley, if it 
is possible to шаке the total vertical thrust between the chain and the 
pulley vanish. " 


* Let the end Bof the chain be free. Let us consider the equation 
` of motion of the portion BM of the chain and let з be measured from M; 


А до _ 
т * mao = тўл—Т,. 


We have 8180 


Now the total thrust vanishes when F=o 


te. 9(T, —mv*) + matr J-mgam —o 
from (D) 


NO –— би P ара — Dass — oos + avr +адт ==, 


Now as — 
e Ida 
we have 
(22+ arp + Beg ( z+ =). e (@ 
Put EE then w + 93 тг 


s 2 (е зр? ) = 2gs* 


or у 
2505 == Е ++ const. 
If we have the initial conditions that v= ЕУ , when = 


še, e=0, we find the constant to be zero. 
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84. lbiserperimentally possible to have these initial conditions. 


At first.we can hold the chain at rest with free oftd В at M by means 
of some contrivance applied to the left hand рогНой of the chain. 


Then as soon as the experiment begins, we apply a suitable impulse 
at B во that a velocity equal to A// ^7 is imparted to the chain, and 
at the same time the contrivance is let go. ° 


Tf it is objected, that with free end B at M, ít is not easy to apply а 
contrivance to the left hand portion of the chain, before the experiment 
begins, we can alter these initial conditions a bit and get new initial 
conditions which will also make the constant zero. 


Initially take BM or о to be 2 At first we attach a clip fixed to в 


stand to the portion BM, and another clip fixed also to a stand is attached 
to the left hand portion of the chain, As soon as the experiment 


begins we apply a suitable impulse at B imparting a velocity ^/ Mor 


to the chain and at the same instant two olips are let go. 


Under these initial conditions we have the constant zero ; 


This is an interesting and important result, In the case of a large 
smooth pulley, the vertical thrust between the chain with a free end B 
and the pulley. will vanish if the chain moves with an acceleration 
equal to one third of gravity, with the initial condition as if a velocity 


equal to VE is imparted to the chain when the free end B is at M 
se, at the same level with the centre of the pulley. 


When the radius of tle pulley tends to zero, this initial velocity 
tends to zero, So in the case of a very small pulley we can say without 
much error that the initial conditions are v=0, when ezz0, 
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By suitable arrangements on the left hand portion of the chain it is 
experimentally possible to make the chain move with an acceleration 
equal to one third Of gravity. 


* 85. Now let us take the case when a weight equal to that of 
length “ 1" of the chain is attached to the free end B of the chain. 


The equation of motion for the portion BM of the chain with the 
weight atjached at B, becomes 
З dv 
mc Dv  mg(a- D) -Т,, 
d 


and equation (G) becomes 


(да + 2] -+атјо 2? + gus =%( "n ) 
du 2 


Put iai 2T, 


then we have 


— 


of pt age 


^M 280% = ut + const 


If we have the initial conditions such that 
os AJ. 4 (ат 4-21) 
when mE, же, 3420; 


we have the constant equal to zero. 


— 292 zc il ат 
E Ы ms oTi ) 
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ln tbe case where a weight equal to that of length lofthe chain is 
attached to the free end B, the vertical thrust between the chain and 
the pulley will vanish if the chain moves with an acceleration equal to 
one third of gravity, with the initial condition as if a velocity eqhal 


to л/ 1 à (ты ax +2 ) is imparted to the chain when the free end B is 


at М, i.e., at the same level with the centre of the pulley. е 


$6. Let пв now consider the total horizontal thrust on the chain. 
Let H be the total horizontal thrust. Then 


borg 


Е sin 6 Rad sin 0 


| a sind = )+2 cos 6 | 49 


=2mav 


Now let us examine the three 09808 :— 
(2) When 7—, Н—> ; 


te, when the chain is light, the total horizontal thrust vanishes even 
if the pulley be not small. 


(#) When a—>o, H—>» ; 


fe. when the pulley is small, the total horizontal thrust vanishes even 
if the chain be not light 


($$$) When v=0, H—>o ; 


te, when the chain moves with uniform speed the total horizontal 
thrust vanishes. 


[ Х.В. By means of suitable arrangements it is not impossible to 
make the chain move with uniform speed. | 


" 6 


NEW METHODS OF APPROXIMATING TO THE ROOTS 
OF A NUMERICAL EQUATION 


By 
NRIPENDRANATH GHOSH 


The object of this paper is to develop a new method and to indicate 
others by which the solution of any numerical equation can be approxi- 
mated to. The procedure adopted embraces some methods already known 
and of these methods special interest has been attached in this papér to 
those of Newton, Horner and McOlintock. It will appear in course of 
development that certain improvements have been made or attempted 
with regard to each of the above-mentioned methods. 


The underlying principle 


1. We shall consider for simplicity of treatment rational integral 
numerical equations. Let $(z)—p be such an equation of degree m. 
Let there be а root differing by a small quantity from a number а. We 
shall describe methods by which the required root may be calculated to 
any desired degree of approximation. - 


Denoting by + the number p—¢(a), the above equation can be put 
in the form $(2) == $(a) --«, where we call w the residue of the equation 
corresponding to а. The ultimate process of obtaining the root depends 
now upon the following fundamental theorem :— 


If в, а,, а,,..а, and é be arbitrary parameters there exists a 
rational integral identity 


$(a, +a Epa +... tae =A +A EPA ёз... ФА, ee" .. (А) 


where Аб, A,, A,... are known rational integral functions of a,, 61,04... 
given by 


А,=ф(а,) 
А, алфа) 
РА, =a, *^(a,) +2а,ф(4,) 
ВА, =а,°%ф"(0,) --6a, a, d" (a4) +ба,ф (а) 
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ЗА, —a,*$' ' (аб) +120, 3a, $"(a,) + {12a,* + 24а а, | d" (a,) 
e 


+244, (a) Ы 


НА ут а, d^) (a) е1)! аф" (a5) pud (29) 


—1А, а-1 =a" la, ue (в) 


А.а" г” (а). 


A number of interesting relations existing among the co-effleients 
Ao, А, A,... has been given in my paper entitled “ Algebra of Poly- 
nomials" Chapter IL* Of these we give here two only which facilitate 
the successive calculation of the A’s. 


а) СА, = A, о А, 


where Д.о stands for the linear differential operator 


8 
Ba DUM 





д д д 
а, ба, пао. t30 


(2) СА = & (0, A, + даА +... 
А | 
+ та, А, + (7+ а, A} 


9. То obtain the required root of the equation ¢(z)=¢(a)+« by 
means of the foregoing theorem, we have to adopt a process of inversion, 
t.e., we bave to find values for each of ay, 6,6, а, *,...в,Ё in such a 
way that the expression А, +A, +A, +... tAE" in (A) may 
differ from @(a)++ by a quantity which can be made to vanish by 
sufficiently increasing s. It is clear that the mode in which the above 
expression (henceforth to be denoted simply by u, ) may be made to 


approach ф(о.) + 2 is not unique and accordingly different methods of 
solving numerical equations can be attempted. 


* Bulletin of the Calcutta Mathematical Society, Vol. XIV, Мо, 8. 
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Horner's Method 


8. The method'due to Horner of solving numerical equations is one 
of these where the ‘above principle is maintained. Before passing'on to 
indicate other methods we wish to consider this straight-forward one 
with special reference to the particular mode in which the expression 
u, is made to approach ¢(a)+«. Avoiding details of the process, as - 


being unnecessary here, we may proceed thus : 


The first trial a, having been made with regard to the required root 
of the equation $(s) =p, we have 


$(a) +а=р … (5) 


Put then a,=a in the identity (A) and consider the collection of 
terms of the expression и) represented by ¢(a+a,£)—(a). Form 


the equation h(a+a,£)- ф(а)=<= and let a,» be an approximate value 
of a,é (found by suitable trials) of the above equation, go that 


o(a+a,0)—d(a)=e—r,, where | 2, | < | «| … (ii) 


Pat then a =a% in the identity (A) and consider the terms of 


thy contained in the next collection Ф(а+ a, + а,ё* ) —$(а+а, с). Form 


the equation d$(a--a,e-Fa,£*)—d4(a-Fa,s)—2, and let a,2* be an 
approximate value of a,6* (found as before-by trials) in this equation, 
so that 

$(a-a,e-Fa,73)—49(a--a, v) ze, —2,, where |а, | < |ә, [| (7) 


Put then а, =а,2* in the identity (A) and proceed as before. The 
($4- 1)th relation thus obtained will be 


КЖ ЛКК durs ed bas kac пон 
=>=,., — «а, where |2, | < }æ,_, |... (84%) 
Uombining the relations (1), (22), (25). (84-1) we have 
plata staet- а,#')=р—2, 
where 2, represents the residue corresponding ‘to 


ata аа, с? +, ta" _ 
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Sine |=], |», |, | a, |... l'a, | form a sequence of decreasing 
numbers, the approach of u a towards ф(а) +=, pe. p is definite and 
certain. ^ n 


• 
4. The successive collections of terms in и,  associated' with: "the 
. above process mark the path of approach of u, towards  p(a)+æ. 


The manner of collecting resorted to in Horner's method is exhaustive ; 
for in considering a certain collection зау... 


$ (a-Fa,z-a,2* а у6")—ф(а а etaa) 
ови, we notice that all the terms involving the unknown a,’ are 
included. Such collections from u, will be called complete while 


others containing lesser number of terms involving the unknown will be 
called partial. A partial collection having в single term involving the 
unknown is said to be simple, otherwise it is called multiple. The 
collections represented by А é, A,C*, A,é*... involving respectively the 
unknowns а, &, а, *, 4,43... are all simple partial collecisons. Since they 
present themselves naturally in the formation of the identity (A) we 
shall call these the natural system of partial collections. 


A New Method by Seres 


5. Proceeding in succession along this natural system of collections 
we develop a new method of solving numerical equations by means of 
series in the following way :— 

Put ао:=а in the identity (A) and consider the' collection А,Е. 


Form the-equation-A,é=a linear іп a,é; whence a f= Wa (provided ' 


$ 
#(a)Æ0). Put then a,£— Jo in the identity (А) and consider 


` the next collection A,é?. Form the equation А, ё? =0- linear in a,£* 
whence 
Г № а icu Фа) 
“= ор 


Substitute this value of a,£* in the identity (A) and form the next 
“equation À,£* —0 ; whence 


gat? SU (ФО OLMO. 
%» = {$} 


• 
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Continuirfg:in thig manner we come upon the collection represented by 
À,£*, whence we choose a,£* such that A,£'—0, the group of terms 
• 


(А.б АТН... АЕ") 


representing the corresponding residue. So long as the residues tend 
to become numerically smaller and smaller us s increases, the required 
root is given more and more accurately by the (s--1) terms of the 
infinite series 


qum LEN Фа) 25 Мор фа" (a) _ 
FT Фа) В ФФ B $(а)} 





Е 0, and 04, be the co-efficients = and р PH respectively in this 


series ‘then it will be found that 


( iO E: Je0. 


We shall represent the above series by the symbol “р g 9r simply by p 


and the value calculated up to its (¢+1)th term by a,. Let В, denote 
theresidue corresponding to а, ; then we have the obvious relation 


Ha.) +B, d (2) +2. 
©, Newton's Method 


6. Sometimes it is convenient to have the equation in the form 
$(s)-0. To find the required root we put 2=—ф(а) in the serios 


2р $ and obtain the following series ^ 


ф(а) _ {#(a)}* DO 
~ $a) BR E 





„ар Sid (a))*—d (ај (а) _ 
S {аур 


represented by "P de 


. 


e 
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‘If we take only the first two terms of the series =e, $ ‘tlten-by the 


process of iteration there follows the method of solving an equation pf 
the form $(s) —0 due to Newton. Since now we have found the complete 


series =$; ф 79 may apply the process of iteration beyond the second 


term. If,however, the series S $ bə not slowly convergent the 
prooess of iteration may with advantage be altogether dispensed with. 


7. Let us illustrate the application of the series “р 5% Фр à by 


considering the following examples :— 
Hz. (+) Solve #°—2#—5=0._ 


Suppose we are going to find the root lying between 2 and 3. 


Put the equation in the form $(2) —p, 80 that Qus oen and p=5 
choose a=2, then ¢(a)=4 and p—¢(a)=v=1. 


Also $ (a) 210, 
$^ (a) =12, 
$" (a) 6, 
$'*(a) =0 


Substituting these values in the series "p 4 we have 


g J _ 1,12 | 1 312—106 
ата + TD 27108 +“ 10 


=9 + -1— -006 + .00068 


„22 09462, 
which gives the root correct to the third decimal figure. Proceeding 
to а, а, ба... We get more and more accurate values. „Рог a closer 
choice 2-1 of a, even a, gives the root correct to the 7th or 8th figure. 


e 
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He. (44) Solve at -- 453 —42* —11s +4=0. 
a 
Let us find the rapt lying between 1 and 2. 


: Take p(s) =a +428 — дз — 112-4 4, 
then | d/(z) 4s? +125 —82—11, 
: d (в) =12s* + 24:—8, 
d (s) = PAs +24, 
ф' (9) =, | 


and the equation has the form $(s) —0. 
(a) Choose a=1, then 


^ 


$(a) Cx —6, ф(а)=—8, $" (a) =28, 
$" (в) =48, _ $'"(a)--24. 
The ratio $c being greater than 1, the series mu ^ obviously can- 


not afford a root. 
(b) Ohoose a2, then 


$(а)=1% — Ф(а)=58, (а) =88, 
Ф"(а)=72 — $'*(a)24. 


Substituting these values in =P, " we' have 


.g 14 l4 88 l4 388-5572 * 
2—08 — ја 5 7B 7 (BBE 


=2— 264151 — 057927 — -021233 
==1:65..., 
where we can scarcely depend upon its first decimal figure, the series 


being slowly convergent, We, however, see that 1:6 is a closer choice 
for a than 2. у 


* In numerical caloulations logarithmic tables have been used. 


• 
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(c) When a=1:6 
• 


ф(а)=— 9024, — Ф(а)=23:304, — ФУа)=61:18, 5 
Ф"(а)=69:4, p" (a) =24. 
Now a, becomes 


pe. 729024 (9004) _ 61-12 . 
— 23-304 В (23-304) 








(9024) 3(61-12)*—93.304х 62-4 
+ Ja (28: 804)* . , 


ог 1:64 038723 —  0019668 + · 0001738, 
or 1-693698, я 
which gives the root correct even up to the fourth decimal figure. 


In order that the series “p "ni E Ф (as the case may ђе) 


may afford a root it is essential that ths series must not be slowly 
convergent. The values of a for which this is maintained are in general 
ranged within limits either wide or narrow. For want of a simple 
convergenoy-criterion of the above series these limits cannot be definitely 
pre-assigned. 

8. Referring to Art. 5 we observe that the series ^p ф Was formed 


under the tacit assumption that А, is numerically the greatest collection 
inu, . If [a£]| is sufictently smallitis in general во irrespective of 


the values of ф(а), da). $"(a)..* Since a é= ~~ it follows . 


$ (a) 


that | ә | should be sufficiently small. Thus the serios "p $ must 


lead to a root provided а can’be-so.chosen-that:the residue correspond- 
ing to it is suffictently small in numerical value. 
If | а,ё | is only less than 1, but not sufficiently small, unless ф'(а) 
happens to be large enough we cannot expect A,é to be the greatest 
(4,6)? 


collection. The term P Ф'(а), for instance may exceed A,£ in 


еа |, | а,Е3 |, Га. |. necessarily forming a sequence of decreasing 
numbers. 


у 
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numerical value if | (a) | tend to become small while: | (a) | 

tend to increase. ‘She series "р + will fail in a case like this. A 
• 

different mode of collecting the terms of w, yields, however, an 


auxiliary series applicable in such а case. We shall describe the 
method in-the next artiole. 


Returning for a moment to Horner's method it may be remarked 
that the series =t, pcan be applied at some stage in the method to 


reduce the labour entailed in the process. The chief labour consists in 
the calculation of „'в at successive stages of the method and it must ђе 


remembered. that these calculations are intimately related with the 
process. In practice, the application of the series —% + is most 


convenient when the trial divisor ia effective (that is the residue is 
sufficiently small). 


Oase of failure of the series p 


9. Let us first explain the particular mode of collecting terms 
(a D 





required in this process, Take the term (a) in А, and 


form the first collection K,. Next take the term A,é along with all but 
the last in A,£* and form the second collection K,. Thus K, will 
consist of the terms - 


| а, (ao )+ 


Es $" (а) ta $." (a, ). 


Next take the last term in A £! along with all but the last in A,£* and 
form the third collection K,. Finally the sth collection K, will involve 
the last term in A,.,£'~} together with all the terms in A,,,&**?. The 
successive partial collections thus formed are all simple. | 


Put then a, =a in the identity (A) and choose a,é, а,#*, а,ё?...а,ё" 
such that К, =, К,=0, К, =0,...К, —0; we then have 


plao ta éta +... +а, E*) • 


z$(a)d- 2a, t p (а) НА. А а би ВА, ЕУ 


І 
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where:a, za, 


| а 95 + • 
аё + { d (a) j П • у 
a, S _ 1. ad" (a) 


Фа) 3 (39 





sı ( SC) TD 1 (dO , афа)" (a) 
ast E Qe j [5 фак * ау} 


Hess euo, 
69а 18 “= , 
and во-ор. 


The process of inversion may thus be performed in two ways under. 
the tacit assumption that K, is numerically the greatest collection 
among the K's. So long as the residue 


— {af p (а) А.“ + за» +A, „Ё "} 


tends in each case to become smaller and smaller in numerical value as 
в increases, a pair of roots of the equation ¢(s)==¢(a)+ is given more 
and more accurately by the (s--1) terms of the infinite series 


i (а u$" (a. 


Ti 5 
We shall represent the above by v go simply by X. In order 
that the pair may be real we must have æ and $"(a) of the same sign. 


10. As an illustration of the application of the series Xlet us 
consider the case (а) of E. (4) in Art. 7. The series p cannot be 
applied there by choosing a—1. We shall see that the series 2 is 
applicable. 

Choose a=1, then " 

a=6, ` #(a)=-8, Ф'(а)=28, 


p” (a) —48, ф' * (a) ==24. 


NEW METHODS OF APPROXIMATING ROOTS 105 





` Мом ` 
f E | = 2 ) вме : 
° P) NB - . 
PG) eS L. 2 
= ag 0-004 ~ 
1 „ф'а) : 2x48 _ 
8 {аур BBx28 1745. 
Hence 


a, =1 + 65466 4- -10714— 12945, 


= 98469 + · 65466, 
—1:63985 ог ·38008, 
Caloulating also а,&° we find a,£* == + - 004116. 


Therefore a, 2:1:68985— -004116, 


p à, = 83008 + -004116. 


Thus the pair of roots correct to the second decimal figure is 
1:68, -33. If greater accuracy be desired instead of proceeding further 
along the series X it is advisable to choose for а each of the values 
1:68, :38 separately and to apply the series p. 


Oase when the roots are close together 


11. In the application of the series 2 to find a pair of nearly equal, 
(real) roots it is necessary to choose а such that | Ф'(а) [ів 
small and æ and ф'а) have the same siga. When the roots of the 
pair are close together the choice of a is difficult to be guessed, but 
we are guided to the required one by means of the root of ¢'(s)=0 
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whioh lies between the pair. The principle will be illustrated in the 
following example. · | e 


Ha. (їй). Боје и» 802 — 7073 — Ihde +998 ==. • 
Let us consider the pair of roots lying between 4 and 5. 
Take ф (s) =>“ + 858 —702* — 1442 ; — 
then d/(r) eda? + Du — 1407— 144, 
| ds) =122* +482—140, 
d (e) 2:242 +48, 


ф' ' (s) = 24. | 
hiss eh hen ЛУК GE cL. 
фа), Ф) 46 фии (а) =24; 
also (= —986— (a)  —986-1928— — 8. 


The signs of # and ф'(а) are not the same. 


We proceed to find the root of d'(s)—0 lying between the pair. 
Applying the series p, the root is given by | 


dg de . 64» 144 4i 64° 3.1443 — 244.24, 
"ада Вод 18 Ав — 


After simplification we obtain the root as 4'244 correct to three places of 
decimal. 


The value of | #'(a) | evidently goes on diminishing as we choose 
now for а the following values in succession, viz, 4, 4'2, 4:24, 4244... 
Of these the value of а sought must be such that » and $"(a) have the 
same sign. Since ф'(а.) is positive throughout the interval, we are to 
find now for which of the above values of a, з has a positive sign. 


By substitution it is found that for the value 4-24 of a, e is — 0082, 
жо that we must proceed further. We choose then the next value 4:244 
for a. The value of being ‘041 we can now apply the series X to get 
the pair of roots. The lsbour in computing the values of ф(а), d'{a) 
when a-z4:244 cannot be avoided but much of it may be curtailed 
depending on the degree of approximation required, 
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When an equation has more than two nearly equal roots in a known 
interval it is easy to *onceive that by varying the mode of collecting the 
terms in u, we may find a series applicable in a given case, 


12. Analogous series." The Series р and X have been obtained from 
a consideration of simple collections alone. But the mode of collecting 
terms is nob necessarily restricted to simple partial collections only. 
When we consider suitable multiple collections also we may, if we please, 
obtain other series analogous to por Že. - . 


18. Up to the present.we have discussed.rational and integral 
equations only but in what follows we shall have occasion to pass on to 
transcendental equations. It is easy to perceive that the methods 
we have developed may be apria to transcendental equations 
as well. Sam. 


Equivalent series, The equation: ф(а)=фФ(а) + » may be put in а form 
$(=) =$(а).Ё where k stands for the quantity 14 dis y By taking 


logarithms of both sides the equation d$(z)—d4(a).k is expressible in 
the standard form log $(s)-—log ¢(a)+logk, when Ф(2) =ф(а) +2 
and log ¢(s)=log $(a)--logk are- said to be equivalent equations. 
Evidently a succession of egutvalent equations may be -formed. 
To each.. of. these equivalent: equations the. series p or X (as the 
case may be) being applicable’ a succession of equivalent series may 
be obtained. | 


Transformation of Hquattons 


14 In applying the series p or X to a parbioular equation some 
preliminary transformation may appear advantageous. There are only 
two kinds of transformations, which may be called rooted and 
non-rooted. Those transformations which retain the roots in the trans- 
formed equation same аз “those in the original are said to be rooted ; 
otherwise.the transformations are non-roofed. In non-rooted transfor- 
mations we are given the relations. which connect the roots of the 
Sensores «шы with those of the original. 


. 15.. To ан the été. of the advantage gained by а trans- 

formation we take the equation in Be. (4,6), Art 7. When a=2, 
the series — Фр $ does not yield the root as it is not sufficiently 
eonvergent. Let us consider-now the following transformation: 
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Divide the equation s*--4;*—4;*—11;-F4-0 throughout by 23. 
This transformation is & rooted one and the тшше equation is 
29 4да —4— 1127: he —0. e 
Here 9 (2) =09 +4: —4— lle"! 44273, 
| ф (s) 52: 4+ 1157 — 8:73, 
$" (s) 22—995-* + Dove, 
p” (к) 26627 * —96s7 ^, 
$'* (e) = — 2647* -- 48057* ; 


and во on 
When a=2, (a) ==3'5, 
$'(a) 29°75, 
ф'(а)=75, 
| дел $" (a) z:1:145, 
$''(a) zz —75. 


Substituting the above values in the series =Ф, + we have 


=. 35 (85) 75 (95) 3(75))—9 75x 1126 
976 — B OTP 18° (975) — 


= 8—'858974—'0049562 4. 0007527 
= 1'6368 ; = 
which gives the root correct to the third decimal figure. 


It is to be noticed that by transformation the new Ф' (а) happens to 
be large in comparison to ф'(а). | 


MoOlintock's Method 


- 16. Having shown the advantege gained by а transformation we 
proceed to consider a standard form of an equation which forms the 
basis of a method by transformation due to Е. MoOlintock.* Given 

` an equation Ф(2)=0 (rational and integral) it is possible by means of 

suitable transformations to express it in McClintock’s form #" =" + 
naf (z) where о is usuallÿ an n°” root of unity. The series obtained 
by McClintock for в root of the above equation is deducible from p. 


* American. Journal of Mathematics, Vol, XVII, pp. 89-110. 
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Let us divide the equation — »*—«*-Fnaf(z) throughout by f(s); then 
$*—o* 
45) 
UA —na, MoClintock’s equation is represented by 4(=)=0. Now 
2 
applying the series p we get the one which is identified as the following 
due to MéClintook. 


` 
—па=0 is « rooted transformed equation. Putting w(z) for 


17^ 1-9 а 1-9 з а 
Pre onc d. 97099 В 


+( oi^" 4 Jul EE m (M) 
do [3 

By means of the above series McOlintock explained a method of 
calculating simultaneously all the roots of an equation. In 
the course of development he introduced the ideas of ‘dominants’ and 
‘spans’ in an equation. The recognition of dominants ina given equa- 
tion is at the root ов method as the series (M) can then be made 
convergent by certain definite steps. But his attempts seem to have 
failed in the case of an equation having nearly equal roots, He puts it 
as follows :— Е 


“That difficulties will arise when we attempt to apply the formula 
(M) to cases in which there are no obvious dominants is certain, The 
case of equal roots has already been mentioned as of that nature.” 


Asoribing this difficulty to the restricted form of the standard 
equation used by McClintock we propose to consider the following more 
general form ` 


ф(е)=Ф(а) + af(s). 


The equation may be put as 
$6)—(2) _ 
Ko 


Representing 


$(#)—$(а) 
f(s) . 


by j(s) we have the equation expressed in the form Џ(еј= (а) + 2, 
where y (a) —0 
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-Now 4 (а)= CE | ; 


= LC) _ WOOF) 
Ла) fo)” 


У cm 89" (а) (а) | ч • 
d ) Сер > 


pu —8d/(a) К af 06 oer, 





&nd во on. 


Substituting the above values in the series “р у We can express 


it in the following convenient m 


rta (ко + da ) 95 


(кыд) + 


when у (а), 1.e., ф (о) is small or zero we should apply the series 3 to 
obtaina pair of nearly equal roots. It must be noticed that Мо- 
Olintook's standard form excludes such а case altogether. 

We have not yet considered imaginary roots of an equation. 
This problem will, however, be taken up in connection with thesolution 
of simultaneous numerical equations which wil form the subject. ofa 
Separate paper in future. - 


• 7 
WEIERSTRASS У 


BY 


^ GANESH PRASAD 


1. Karl Theodor Wilhelm Weierstrass was born on the 818% of 
October, 1816, at Osterfelde in the Münster district of Westphalia. 
After studying law at the University of Bonn from 1884 to 1888, 
he went to Münster where he: privately studied Mathematics under 
Gudermann from 1838 to 1840. He was teacher at the Progymna- 
sium of Deutsch-Krone from 1842 to 1848 and head-teacher at the 
Gymnasium of Braunsberg in East Prussi& from 1848 to 1856. 
He became Honorary Doctor. of Philosophy of the University 
of Königsberg in 1864. In 1856 his research papers on Abelian 
functions obtained for him an invitation to Berlin as Professor of 
Pure Mathematics at the Gewerbinstitute and as Member of the 
Royal Academy of Sciences. 1n.1856 he also became an extraordinary 
Professor of the Berlin University and remained there in that 
capacity until 1864 when he became the third ordinary Professor of 
Mathematics, the other two being Kummer and Ohm. He remained 
at the Berlin University until his death which took place after a 
long illness on the 19th of February, 1897. 


2. It is difficult to describe adequately the vast influence which 
Weierstrass exercised asa lecturer and asa guide of researchers daring 
the forty years of his stay at the Berlin University. Some idea of 
that influence may be formed by the fact that in the long list of 
his distinguished pupils are found the names of H. A. Sehwaiz, 
Fuchs, Paul du Bois-Reymond, G. Mittag-Leffler, Georg Cantor, 
Ulissi Dini, Sophie Kowalevesky and Killing. In the circle of his 
mathematical friends he was looked upon as almost superhuman. 
According to Professor Mittag-Leffler (deia Mathematica, Vol. 21) 
it was said: “ Weierstrass has indeed something super-human in 
him. One cannot communicate to him anything which is new to 


* Address delivered before the Allahabad University Mathematical Association 
on the 8rd December, 1924 as & Patron of that Association. 
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him’; he knows everything.’ When Professor Mittag-Leffler went 
to Paris in 1878 to attend the lectures of Hermitg, the firat words 
which the great Frenchman addressed to him® gave him a shock. 
“You have made a mistake,” said Hermite ‘ you ought to attend the 
lectures of Weierstrass at Berlin. He је the teacher of all of us.” 
These were sincere words although uttered by such а patriot as 
Hermite. 


9. As regards} the nature of the work of Weierstrass as a 
researcher, there can be no doubt that his work brought to a 
settlement important issues in the theory of functions of real variables 
and the theory of functions of a complex variable, and placed the 
theory of elliptic functions and the theory of Abelian functions 
on simpler bases. Although the main strength of Weierstrass 
lay in his logical and critical power, in his ability to give strict 
definitions and to derive rigid deductions therefrom, he was also 
skilful in the formal treatment of a given question and in deriving 
for it an algorithm. Using the language of Professor Felix Klein, 
according to whom, “among mathematicians in general, three main 
categories may be distinguished," юг, “logicians, formalists and 
intuitioniste," we shall not be wrong in saying that Weierstrass was 
emphatically a logician and not an intuitionist, 


4. That Weierstrass started in his career as a mathematical 
investigator with a singleness of purpose, is clear from the following 
remarks made by him when replying to the Presiding Secretary’s 
words of weleome to him on his entering the Academy of Sciences 
of Berlin as в member. “I ought now to explain in some words 
what has been up to this time the course cf my studies and in what > 
direction I shall direct myself to pursue them. Since the time when 
under the direction of my highly revered teacher Gudermann, whom 
I shall always remember with gratitude, I made acquaintance for the 
first time with the theory of elliptie functions, this comparatively new 
branch of mathematical analysis has exereised on me a powerful 
attraction of which the influence on the entire course of my mathe- 
matical development has been decisive. This discipline, founded by 
Euler, cultivated with zeal and success by Legendre but developed 
in too one-sided а, menner, had at that time since a decade undergone 
a complete transformation because of the introduction of doubly 
periodic functions by Abel and Jacobi. Those transcendentals, giving 
to Analysis new quantities of which the properties are remarkable, 


^o WREIBRSTRASS 118 


. find also manifold applications in Geometry and in Mechanics and 
show thereby that they are the normal fruit of a natural development 
of Science. But Abel, habituated to place himself always at the most 
elevated point of view, had found a theorem which, comprehending all” 
the transcendentals resulting from the integration of algebraic differen- 
tials, bad the same importance for them as Euler’s theorem had for the 
elliptic functions. Cut off in the flower of his age, Abel could not 
himself pursue his grand discovery, but Jacobi made a second discovery 
not less important: he demonstrated the existence of periodic functions 
of several variables of which the principal properties were founded on 

‘the theorem of Abel and by which he made known'the true 2 signi- 
ficance of that theorem. The actual representation ‘of ‘those quantities 
of an entirely new kind of which Analysis had nob’ "until then an ' 
example and the detailed study of their properties becanie from that 
time one of the fundamental problems of Mathematics; and as soon 
as I comprehended the significance and importance of that problem 
I decided to attempt its solution. It would have been truly foolish 
if I had thought of solving that problem without having prepared 
myself by a profound study of the existent means which could aid! 
me and without exercising them on less difficult problems,” 

5. For the success of his attack on the Abelian functions, 
Weierstrass planned roughly as follows (see Poincare’s paper in Acta 
Mathematica, Vol. 22). 

I. To build up the general theory of functions, first that of the 
functions of one variable and then that of the functions of two 
variables. 

II. The Abelian functions being а natural extension of the elliptic 
functions, to perfect the theory of these latter transcendentals and 
to show them in a form in which the generalization becomes clear. 

III. To attack lastly the Abelian functions themselves. 

6. Although the very first of the total number of sixty papers, 
published by Weierstrass, was a paper on elliptic functions written 
in the summer of 1840 and partly published in Vol. 52 of Crelle’s 
Journal with the title “On the development of modular functions,” 
there is no doubt that Weierstrass kept the aforementioned plan in 
view and devoted the succeeding six or seven years to a careful 
investigation of many important points telating to the theory of 
fungtions as is evidenced by the next five of his papers. In the 
seventh paper, published in the annual report of the Gymnasium 
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of Braunsberg for the year 1848-1849, he attacked the theory of 
Abelian Integrals. The next paper, published jp 1854 in Vol. 47 
of Crelles Journal and entitled “ About the “theory of Abelian 
Functions,” was followed by a paper on the same subject in 1858 
in Vol. 52 of Cretle’s Journal; these papers brought distinction to 
Weierstrass and led to his transfer to Berlin. During his stay at 
the University of Berlin from 1866 onwards he was in the habit 
of communicating many of his discoveries to his studente in his 
lectures. 


7. Weierstrass began to lecture on elliptic functions as early as 
1857 but the fundamentally new shape which he gave to the theory 
of elliptic functions may be said to date from the winter of 1862-1863 
when he delivered his firat systematic ocurse of lectures on that 
theory. These lectures he continued for several semesters and the 
results communicated by him appeared first in the form of H. A. 
Schwarz’s “ Formule and Theorems for the use of elliptic functions " 
of which the first edition was begun in 1881 and completed in 1885 
and the second edition was completed in 1898. Halphen's famous 
book of which the last.volume appeared in 1891 is based on this 
book.  Weierstrass's theory expounded in his lectures has been given 
in the 5th Vol. of his “ Mathematische Werke" which appeared 
in 1915. 


8.  Weierstrass's first lectures on Abelian Functions were 
delivered in 1863 but it is in the systematic course of lectures which 
he ‘gave on those functions in the winter semester of 1875-1876 and 
in the summer semester of 1876 that he devaloped the subject fully 
and originally. These lectures first appeared as the fourth volume 
of Weierstrass's * Mathematische Werke in 1908. 


Weierstrass also published papers on part:al differential equations, 
singularities of algebraic curves, theory of quadratic forms, Projective 
Geometry, Calculus of Variations and Minimal Surfaces. He was 

“interested in the problem of three bodies and once lectured on 
synthetic Geometry. 


9. ‘Weierstrass’s last lectures were delivered in the winter of 
1889-1890, and his last paper was communicated to the Royal 
Academy of Sciences in 1891 and bears the title * New proof of the 
theorem that every integral rational function of а variable can be 
represented as a product of linear functions of the same variable.” 


• 
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Soon after this time Weierstrass became seriously ill and never 
recovered his health, 

• 10. Although Weierstrass’s genius was of an order different 
from that necessary for the production of epoch-making papers on 
the application of Pure Mathematics to Physics, it will be wrong to 
think that Weierstrass was not aware of the importance of Applied 
Mathematics. In his address to the Berlin Academy in 1857, part of 
which I have already quoted, he emphasized this importance 
in eloquent language and expressed the hope that more 
functions would be discovered like Jacobi’s theta-function which 
teaches us into how many perfect squares a given whole number 
can be broken and how the are of an ellipse can be measured, and 
which alone can enable us to express the exact law according to 
which a pendulum swings. 

11. I propose now to attempt a difficult task and that is to place 
before you, in the short time at my disposal, а few concrete examples 
of Weierstrass’s discoveries ; I will speak at length about one of them 
and simply mention the others :— 

(а) By giving an example of a function which, while continuous 
for every value of the variable, did not possess a differential co-efficient 
for any value of the variable, Weierstrasa brought to a settlement 
an issue which had long agitated the minds of mathematicians. For 
years before, and after, Ampere’s unsuccessful attempt in 1806 to 
prove that differentiability necessary followed from continuity, most 
mathematicians believed that, according to what was called the 
“lex continuitas," such was the case, as they thought that the class 
of continuous functions was identical with the class of functions 
representable by graphs. Although Gauss, Dirichlet and Jacobi did 
not endorse the aforesaid argument, none of them had the conviction 
that a function which was everywhere continuous but nowhere 
differentiable could exist. Riemann thought that 


sin (n*z) 
MEC EN 


was such a function but could not prove his statement. 
Weierstrass’s non-differentiable function • 


oo 
5 a" сов (b*m а), 
1 
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abeing any positive proper fraction, # an odd integer subject to the 
condition that • 
| А • 


ab» 14-37, 


was. communicated by Weierstrass first in one of his lecture, in 1861 
and, then long -afterwards in 1872 to the Royal Academy of Sciences 
of Berlin; it was published by Рао] Du Bois Reymond in CreZe's 
Journal, Vol.79 in 1876. In Annali di Matematica, Vol. 8, Dini gave 
in 1877 в general type of non-differentiable funetion modelled after 
Weierstrass. Weierstrass's function was criticized by С. Wiener in 
Crelles Journal, Vol. 90; to Wiener’s criticisms Weierstrass made 
an effective reply and pointed out Wiener’s misunderstanding. In 
recent years two attempts have been made to deprive Weierstrass 
of some credit, (1) One was made in 1915 by Dr. Grace Chisolm 
Young in her Gamble Prize Essay which was published in the Quarterly 
Journal of Mathemattcs, Vol. 47. "Mrs. Young's eontention that 
Cellerier's funotion, и. 


His c 

Бани =—, sin (a"a), 

0 a 

а being an.even integer, which was alleged by her to have been known 
to Cellerier before 1861, hed nowhere either a progressive or regressive 
differential co-efficient and was therefore more truly a non-differentiable 
function than Weierstrass’s function which, at an infinite number of 
points in any interval ever so small, possessed those differential co- 
efficients of opposite signs although infinitely large, was shown by Mr. 
Badri Nath Prasad to be wrong. Mr. Badri Nath Prasad proved (See 
Proceedings of the Benares Mathematical Society, Vol. 8, for 1921. 
1922 and Jahresbericht der deutschen Mathematiker Vereinigung, 
Vol. 81, p. 174) that -Cellerier’s function was not even non-differen- 
tiable as at an infinite number of points in any interval ever so small 
the function possessed a differential co-efficient infinite in value. (2) 
The second attempt was made by Dr. M. Jasek of Pilsen (Czecho- 
Slovakia) in September 1922 before the German Assoaiation of 
Mathematicians when h$ stated that Bernard Bolzane had given 
before 1830 an example of a continuous but nowhere differentiable 
function. It is, however, a matter of some difficulty to accept this 
statement when it is known that Bolzano -writing his book “ Para. 
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doxien des Unendlichen ” in 1847-1848, says in the footnote to Art. 37 
that a continuous function must be differentiable for every value of 
thé variable with the exception of “isolated values.” 


(8) In his paper, entitled * Definition of analytical functions of а 
variable by means of algebraic differential equations,” which was 
written in 1842, Weierstrass recognized the possibility of the exist- 
euce of a function with а natural limit; and the first notice in print 
of such a limit is to be found in а memoir published by Weierstrass in 

` 1866. 

(c) Weierstrass’s factor theorem, first published in 1876, together 
with the closely connected Mittag-Leffter’s theorem first given in 
1877, helped Weierstrass to construct easily the functions @ (2) and 
с (в) which enabled him to perfect his theory of elliptic functions, 


(d) Weierstrass gave a partial differential equation— 


MC 


for o(z) and used it to expand that function in powers of z up to 235. 
І have requested Mr. Piare Mohan to expand & (г), en (2), оп (2) 
and dn (z) and obtain the general terms. I hope he will do his best 
to complete the investigation on which he has already entered with 
enthusiam. 

(e) Jacobi had given the theorem that a function of # variables 
could have at the utmost 2# periods. Weierstrass gave a new proof 
of this theorem carefully laying down the conditions under which the 
theorem: is valid. He then studied the properties of those functions | 
of # variables which have 25 periods and showed that the properties 
are analogous to those of elliptic functions. | 


(7) In а paper published in the Berliner Berichte in 1866, 
Weierstrass gave the parametric representation—. 


ao ВА (1—азЕ'(а) +28 В/(в)—@Е(в) }, 
y= ВИ] а ЈЕ (а) —2u Е'(в) +2 (2) }, 
1: Ва (а)—2 2 (в)ђ, 


for the minimal surface, where s isa complex variable, F(s) any 
analytical function of s and R denotes that the real part of the 
expression within the crooked brackets is to be taken. 
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(g) Weierstrass criticized Dirichlet’s principle sin 1860 and laid 
. down with care the conditions of its validity. — 4 ` 

(Л) In а paper written as early аз 1842, Weierstrass gave а pr8of 
of the theorem known in the theory of functions of a complex variable 
after Laurent who gave a proof in 1848. 

Before concluding this address I wish to thank this large audience 
of young mathematicians who have listened to me with great atten- 
tion and to express my fervent hope that some of them will feel 
inspired by what I have said about Weierstrass and take him as their 
model in their future careers as mathematical researchers. 


e^ 
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Methodgn der Mathematischen Physik—Von В. Courant und D. 
Hilbert. Erster Band mit 29 Abbildungen. Berlin, Julius Springer, 
1924, 450 pages. 


This work appears in the series “ Die Grundlehren der mathema- 
tischen Wissenschaften” as the first volume of the book on the 
Methods of Mathematical Phyeics under the joint authorship of 
Professors Hilbert and Courant of the Göttingen University. 
Although, in the preface which has been signed by Professor Courant 
alone, 16 is stated that the entire responsibility for the contents of 
the volume is borne by him, he has added the name of Professor 
Hilbert to his own on the title page because “the scientific and 
pedagogic tendensies represented here are the children of that direc- 
tion of mathematical thonght which shall always remain connected 
with the name of Hilbert.” Throughout the book the points of view 
of the calculus of variations play the dominant part, it being the 
endeavour to characterise mathematical quantities and functions by 
means of extremal-properties. Nevertheless each chapter forms to a 
certain extent a self-contained unit and ean be, therefore, studied 
without any knowledge of the rest. Each chapter ends with an article 
containing supplementary information and problems bearing on the 
chapter. 


The first chapter is headed the algebra of linear transformations 
and quadratic forms, and deals with linear equations and linear 
transformations, linear transformations with linear parameter, the 
* prineipal-axes-transformation of a quadratic form, те, the 
transformation of в quadratic form with real co-efficients into a sum 
of squares, the minimum-maximum property of characteristic values, 
applieations to orthogonal vector systems, Gram’s determinant and 
solution of a system of linear equations corresponding to a form. 
The supplementary article treats of Hadamard's theorem on the value 
of a determinant, simultaneous transformation'of two quadratic forms 
in canonical’ form and the elementary factors of a tensor or a 
bilinear form. | | 
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The second chapter bears the heading, The problem of the 
expansions of arbitrary functions in series." At fhe outset it is stated 
that the functions under consideration will ebe understood to be 
piecewise smooth, t.e., to be piecewise continuous and to possess piecewise 
continuous first derivatives. There are twelve articles which are 
respectively on orthogonal system of functions, the principle of con; 
densation for functions, independeuce-measure and dimensions-number, 
Fourier’s series, examples and applications of Fourier’s series, Fourier’s 
integral, examples for Fourier’s integral, the polynomial of Legendre, 
the approximation theorem of Weierstrass, examples of other 
orthogonal systems which include Legendre’s, Tchebycheff’s, Jacobi's, 
Hermite's and Laguerre's, the integral equations corresponding to 
an orthogonal system, and supplements and problems. 


The third chapter is on the theory of linear integral equations and . 


contains, after preparatory considerations, the theorems of Fredholm 
for degenerate kernels, the theorems of Fredholm for an arbitrary 
kernel, the symmetric kernel and their characteristic values, the 
development theorem and its applications, the series of Neumann 
and the reciprocal kernel, the formule of Fredholm, the new founda- 
tion of the theory, and extension of the limits of the validity of the 
theory. The supplementary article and problems which conclude the 
chapter deal, among other things, with singular integral equations, 
the method of Prof. Erhard Schmidt for the derivation of the 
theorems of Fredholm, Volterra's integral equations, the method of 
infinitely many variables and polar integral equations. 

The fourth chapter gives the fundamentals of the Calculus of 
Variations under the headings, the formulation of the problem of the 
Caleulus of Variations, methods of direct solution, the differential 
equations of the Calculus of Variations, remarks and examples about 
the integration of Ешегв differential equation, boundary conditions, 
variation-problems with auxiliary conditions, the invariant character 
of Euler's differential equations, the Green's formule, the principle 
of Hamilton and the differential equations of Physics and a number 
of problems. and supplementary facts in the last article. 

The fifth chapter treats of the problems of Mathematical Physics 
relating to vibrations and charaeteristie values. The twelve articles 
of the chapter are headed respectively as follows: general remarks on 
linear differential equations, vibrations of systems with one degree 
of freedom, systems with a finite degree of freedom, systems with 
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an infinite degree of ‘freedom, the non-homogeneous string, the 
vibrating rod, they vibrating membrane, the vibrating plate, other 
problems involving tharacteristio values, the Green's function and the 
solution of problems involving characteristic values with the help of 
the theory of integral equations, examples for Green's funotion, 
+ supplements and problems. | 


The sixth chapter consists oti seven articles relating to the applica: 
tion of the Caloulus of Variations to the characteristic value problem. 
The articles are respectively headed the extremal properties 
of characteristic values, general. deductions from the extremal 
properties of characteristic values, the development-theorem, the 
asymptotic distribution of characteristic values; the nodal points of 
characteristic functions, the asymptotic behaviour of Sturm- 
Liouville’s characteristic functions and the extension of the 
development theorems, supplements and problems. 


The seventh chapter deals with special functions defined by means 
of problema relating to a characteristic value. The five articles of the 
chapter are respectively on preliminary remarks on linear differential 
equations of the second order, on the functions of Bessel, on the 
spherical harmonies of Legendre, .on the spherical harmonics of 
Laplace and on asymptotic expansions. 

In recent years Analysis has become more or less free from 
intuitional points of view; and it has come to pass that many 
representatives of Analysis have lost the consciousness of the conneo- 
tior of their science with Physics, whilst, on the other hand, to the 
physicist is frequently missing the understanding for the problems 
and methods of the mathematician. The aim of Hilbert and 
Courant’s book is to prevent this tendency from gaining ground. And. 
there is not the least doubt that the aim will be realized as soon as 
the book receives the wide publieity which it deserves. 

The book contains much that is new. Ag an illustration, we may 
mention the remarkably simple treatment of the problem of the 
asymptotic distribution of characteristic values. In only twenty 


pages, most of the results first obtained by Professor Weyl in 1912 
and 1918 have been given. 


Ganesx Prasan 
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“The Place of Partial Differential Hquatsons in Mathematical Physics " 
by Dr. Ganesh Prasad, М.А.3 D So., Harcinge Professor of Higher 
Mathematios in the Oaloutta University. 


The spirit of research may perhaps be described aa a spirit of active 
doubt, and the description would be particularly apt in the sphere of 
mathematics. We have before us the lectures in published form 
delivered by Dr. Prasad at the University of Patna in which an attempt 
is made to foster exactly this spirit of energetic doubt. The subject 
is the partial differential equations of mathematical physics—a subject 
to which Dr. Prasad’s own contributions ure quite substantial. While 
the subject is placed in a historical setting the author yet gives in a 
brief compass, glimpses of the course it is likely to take in the future. 


For instance, the author has shown how the well-known and well- 
trusted potential equation of Poisson fails as well as its generalisation by 


Dr. Petrini for the distribution р==608 log 1 and how also in the conduc- 


tion of heat and the vibrations of ‘a string the partial differential 
equations in use cease in certain conditions to have any meaning. 
Integral equations, on the other hand, are found to offer a better and 
more precise expression of physical phenomena and the author points 
to the increasing role integral or integral differential equations are 
likely to have in future in mathematical рћувзев. 


8. О.К, 





: Р А ДЕ 
* Ок THE CONSTRUCTION OF PARTIAL DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER SATISFYING 


ASSIGNED CONDITIONS 


Bx 
HaRENDRANATH DATTA 
(Unsverniy of Расса) 


At the meeting of the Calcutta Mathematical Society held on August 
10, 1924, I read a paper on “ А theorem of Lie relating to the theory of 
Intermediate Integrals of Partial Differential Equations of the Second 
Order.” The theorem * referred to was the following :— 

lf a partial differential equation of the second order possesses two 
independent Intermediate Integrals (of the Monge’s type), it can be 
reduced to the form S=0 by contact transformations. 

In that paper, it was shown that the possession of two intermediate 
integrals was a sufficient condition but not a necessary condition for 
equations of the second order which could be transformed into the form 
by contact transformations. In doing so, I found an example (as, 
indeed, it was enough to find at least one) in the equation t (1+9*)r—~ 
2pge-t- (1 fp је=0 which (v) was reducible to the form 5=0 by в 
contact transformation, and (fi) did not possess any intermediate 
integral of Monge’s type. 

This find naturally gave rise to the problem of giving в practical 
method of constructing further examples of this type without much 
analytical difficulties. The aim of this paper is to supply a method of 
constructing several equations of the form ar-+be+-1=0 easily. 

In what follows it will be noted that the whole process of construc- 
tion consists in writing down spectal values of two arbitrary functions 
and finding out whether the values of а and b thus obtained do not 
satisfy a certain differential equation. And as it is very easy to choose 
quantities which do not satisfy an equation, the practical difficulty of 
constructing such equations might be regarded as having been reduced 


to a minimum. 


* Bee page 295, Art. 264 of Forsyth'a Theory of Differential Equations, Vol. 6, 
+ The well-known equation of minimal surfaces. 


Р 
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1 
The" Method. Ё 


(1) А differential equation can be reduced to the form S=0 if its 
solution can be expressed in the form— 


a=f(u, v), 
y=g(u, v), 
z=h(u) -+ klo). 
For, in that case, we can transform ib in such a way that 
X =u, Y =v and ЛП =>; 
and this reduces the equation to the form— 


DZ =0 

дхду — 

as Z-—h(X)-Fk(Y) is the form of the solution of the transformed 
equation in terms of X, Y, Z, the new variables. 


(2) The transformation used above is a contact transformation* ав 
being а point transformation, it is a special case of contact 
transformation. | : | 


-(3) From what we. know of the general theory of Intermediate 
Integrals, it is clear that an equation of the form f(e, y, z, p, qa 7,8, £) =0 
will nof possess any intermediate integral u(x, y, z, p, 9)=0 involving 
an arbitrary function if the subsidiary system of simultaneous equations 
in the derivatives of u does not possess more than one common integral. 
In the special case of an equation of the form 


ar-+-bs-+i=0 


the conditions for the non-existence of two intermediate integrals of 
Monge’s type can be more definitely stated as follows :— 


- If the equation ar+bs+t=0 does not possess éwo intermediate 
integrals of Monge’s type, and if the roots, с and p, of the quadratic 


ap*—bu+i=0 


* Lie's definition of the most general contact transformation (see page 815, Art. 
128 of Forsyth’s Theory of Differential Equations, Vol 5) requires that the relation 
dZ—PdX -- QdY =p(de—pde—qdy) should be identically satisfied, the quantities used 
having the general meanings given in the book referred to, But here both the sides 
gre tdenttcally xero, 
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are unequal, then 1t is sufficient that the equation 


BU ARM A(P) Е 
=0 
А) —АЗ де АР) А"(р)—АР 


be satisfied for at least one of the two possible assignments of с and р 
without the vanishing of the four constituents in the determinant, “ 


° where 
р Rae 8 ,9 
Aw TuS T Wes. 
9 9 
A'S o— pl 
Ф Өр 


A'm 9+9), EAT + PÈ 


Am 219) ong Ре AG, 
с—р с—р 
IT 
The Equation ar + bs+i=0, 


Consider the case in which a and b are functions of p and g ouly. 


In this case, those equations of the type whose solutions can be 
expressed by а set of the form 


а, y, 2==8 function of u + a function of v 


are given by 

u v (и +0) #0, + 
where g—up=f(u) 
and g—vp=g(v), 


f and g being arbitrary functions of « and v'alone respectively. 


* See Ба. 5 (page 252), Еа, 2 (page 258) and Arts, 244-46 of Forsyth's Theory of 
Differential Equations, Vol. 6, where the necessary and sufficient conditions for the 
' possession of one intermediate integral of Monge’s type, one intermediate integral - 
involving an arbitrary constant aud no intermediate integral are respectively given 
+ See Prof, Forsyth's paper on “ Partial Differential Equations of the second order 
having integral systems free from parttal quadratures,” Proc. 1. M. 8, Vol 5, 
page 167. 
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Hence, by (1) of $ I, it is clear that these equations are reducible 
to the form S=0 by contact transformation. 


And since а and b are functions of p and q alongf p and с are also 


funetions of p and g alone. Hence, • 
AQ) — A" (e) 0, б 
A(P) m0, 
and A'(P)+ A"(p) -АРыо0; ` i 


but A'(A)—A* is not necessarily zero. 

Hence, in this case, the problem reduces to writing down special 
values of the arbitrary functions dy u) and g(v) and noting the савез in 
which A'(A)—A is not zero. 


Haamples, 
(1) Taking f(w)=i(1+u2)* and g(v)=t(1+e*)* and also 


p= — pats Mop tg” &nd o= ТР р — У фр + ` ; 
1+q? 1+а: 





we find that 
A'A)—M 450. 


Hence, the corresponding equation, viz., 
O +g )r—2pqs-+(1+p* )£—0 


gives an example of the type required, a result which was previously * 
obtained from the first principles. 
(2) Again, if we take flu)=u—1 and g(v)z:1—v, we find that 


ЛА) —A*? 3:0. 
Hence, (g* —1)r—2(pq—1)3+(p* —1l)#==0 


is anothec example of the type required. 


In this way, we can, construct as many examples of this type as we 
please, 

* Bee my paper on “A theorem of Lis relating to the theory of intermediate 
integrals of partial, с,” Bull. Cal. Math, B00., Vol. XV, No. 2 & 3 (1924-25). 

Bull, Cal. Math. Boo, Vol. XV, No. 4. 
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Ох Two PAIRS oF FAOTORABLE CONTINUANTS* 


BY 
SATISCHANDRA CHAKRAVARTY 
(Bengal Technical Institute) 


Ina recent issue of the Bulletin of the Calcutta Mathematical 
Society I bave discussed one Factorable Continuant.t In the present 
paper are given four more Factorable Continuants which have been 
obtained with the help of Heilermann's Theorem.t They form two 
pairs, the continuants of each pair being the numerator and the 
denominator of the fraction from which they have been deduced. They 
have all been evaluated determinantally and some algebraic relations, 
vis., theorems (1), (3), (4) and (5) have been derived. 


l| Let ,,, denote the series g, + rai +948 +... +9. 


- ( "rl. ] (a*7*1—1) 
where tr Dy T aram 
n and r both being positive integers; 257 


Let Bue ©. be obtained from £,,, in the following manner: 


та“ rye 


0) 


LITT 


з, ауа Кану биља + sus Td. 


* For references оп the subject вео “On the Evaluation of some Factorable 
Continuanta. Bull. Cal. Math. Вос., Vol. XIII, pp. 71-84. 

+ “Опа Faotorable Oontinuant," Bull. Oal. Math. Soc, Vol. XIV, pp. 919-288, 

f Journal für Math. 88 (1854), р. 174. For the general case of the theorem 
soe Haripada Datta, “On the Failure of Heilermann’s Theorem.” Proc. Кат, 
Math. Soc, Vol, XXXV. 
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Э) (1) (1) 


у,“ =... + Grab se 


+ e ue 0 


netyn 


• 
• 
) (0—1) (p—1) (p—1) 
=@, РИ С ДАН ЛАРИ E иу sta pas 
Visage "e 
.[^5-7-2 2p-r-9Y/ 9r--2p—1 X (p+1) (2n—2r-2p 4 1) 
o ом ] ( 2 2-1 2% Q) 


where is ] denotes the product (a" —1)(a*^! —1)(a*7* —1)...(a' —1) 


and ( : ) the product (a* — 1) (a*7* —1) (a*7* —1)...(a' —1). 


Proof :— 


(a*7*** —l)(a*-r*! —1) 


срба ciae тел А 





for 





1 {ee ner te pete 


“(рат ) аар 


аз | 


_ (ама —DY(a*7 — Па“ +“ | 


The difference of the two expressions equivalent to q,,, 18 obtained by 
substituting r--l for г in g,. The other terms may be similarly 
expressed. | f 


Then theorem (1) may be proved by induction. For 


PE uns 
РЕ? < : As | Ги б (р+1)("+р) 





qe |" (mH | 6 ) : 
2 L 2r —1. Dt. 
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ptu je (r+p+1) 
_ -»—"—2 
AR ) 
* 2 +1 | 


Ј 
А : з (2-1) 
assuming that if the theorem holds in the case of #,, 


Cor. 








(9) " s 
M = Sa-ay-s [ *S.-1 
where "S, denotes the sum of the products of 1, a, а*,... 
at & time. 
arret], x е аз —1 5 
ага Pee Вазе °В,— uL "Bee 


= (a****1—1)(g*?*7** —1) 





(3) 


a^^! taken + 


"B. rae B, 


-mcan "8% Besse UU Bee +. (2) 


For; after removing the common factors from the left-hand-side 


expression we have 


astma’ à 1 
("Тао (a? 1—1,(g*7*»** —]) 





(ateti —1)(atr-s * —1) 





(g13**1—l)(a* 1—1) (а*-—1)(а*-*2+ 1 


3 a*"*—1 u (a*7*75 1) (41241 Jar a! —1 





ar] (a —@ 1) 7 в 


_ (a7 —1)(a* 778 las, 


== 


and 


av"! a? 


(a——ILy—iar—1) (ат 


Me 


“73711 е 


RANCE CE (аза 1) ` 


... (4) 


(5) 
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These two theorems may be proved easily. 











4. The continnant , с 
1 аі к-а M 
2 а*— } 
1, —2, ~~ By i 
1 (a"—1)(a*—1)a*^* m 
' 2 (at*t—1)(a*"?—1)’ 
= » 1 (2-2) (аз" 7171), ms 
SN Cry 
1 (—)'2] 9n 
—(1—s)(a—«s)(a*—a) ... (a*^! —z). we (6) 


Here ife, denote the element of the principal diagonal in the pth 
row, then the elements, except the first, of that diagonal are given by 





( ae) (а* "+1 —1) а" 
—9 o l5n—2r4-1 
bgr = Cartes 4 } берер 5 nr , 
s 
and 


(2+2 Niat "+з 1) а“? rug 
1 \n—2r 


jeg (rn 
nm Br} 





Proof :— 
(5) On the continuant perform the operation 
ma. COl, À Maui ОД s, + э. mt, 00], 


where 224,=1 and the other multipliers are such as to make all the 
elements except the first of the last column, vanish, Then from all 
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the even rows except the last and from ‘all the odd rows except the first, 


we have two sets of equations, viz, 


со РИМ TM 2m, ,—&t4 «41 == 0, 
• E 


and Mar (С) ил uu em, uu, == 0, 
tue 
_ (а#'+1—])а*—'-1 
where oY cb p OT uses. Ц 


(2) 
Dr 
r being a positive integer which varies from 1 to n— 1. 

From the last row we get 

Ma ami +(—)"2та 0, 
From (7) and (9) we have 
(JE фт, = та, т, + OM yay — s 
hl) rat ma. 
and from (8) and (10) we get 
Ma: = k, [ms а Rg ray bg m, uuu o 
T(—)'77!ann Ima) Hem, ga 


Hence from (10) and (11) we have 


mart | &,, g*, 


—1, т w? 
—1, ag, m? 
—1, ky 
Ке, га, 
and та, = —1, krti 8", 
—1, E g* 
—1, kasi 


(7) 


(9) 


(10) 


(11) 
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Thus the multipliers are all continuants. 


(is) From (10) and (11) we also have 


(Јута ата Ha tg yg 20, а FE Marta — eO) 
• 
= Вита rpa m (k, —e)o(m, нь Mg rta + 20) 
= (kepik, bet )m, uu {Каа elk, а) . 
х {Meets — стаза + ue pt 


In this process of eliminating m,,, arpa, eto, the co-effloients 
are governed by two rules, vizs., 


ОЕ, 4-0-1 F8 Ones, | 
we (12: 
and D,==k,.,-,C,-,—7D,_,, 
where C, is the co-efficient of m,,,,, and D, that of the expression 
OM rag pta — DMa rta pa es } 
The two formulæ of (12) may be proved by induction for 
0,—D,=20,_, * 
Thus eliminating all the multipliers except Mar, We have 
(=) фт, =С,_,. 


(їй) Now C,=k,, C, hk, ak, +0, 





О, =k,4 0, 00, =, аваа, 1+( l EL)" by (12) 
КЕ а ku ба 


O, mh, О +е?О, mh. Ка Ка 


1 1 1 1 1 
х +(e Ir eL Hr) РБЕ. 
| BB, ay У ав О РРА kokas | 


* 





* O, —D, (5, 4,0, 8*0,)- (2,10, 9b, 140, *E'kQQQ0,—59k +=) ° 


= 2020, аб 10, 79*0, E 9k, ob 0, +з, <e0,, 


The general case may be similarly treated, 
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• 
y 1 1 
н (р, 
\ 
"1 ) 1 ( 1 
• +... Bie de a [ан 
Kets биља АРА В.а УРЕ 
1 ) 1 1 ‘| 
+ —— | Фр. ра 
• боља биља LR i 
Proceeding in this manner we have 
Q , 
O, „вера 2 1+#,4,; acit а d T. 
de eme 


where the highest power of ais n—r or n-—r—1 according вв n—7 is 
even or odd. 


( n4r—1l 
п—7+1 


KA Myr- 220) а 2 LL *. 


(77) 


| 
rl 
+ 


(a* —1)(a* +1 — а: agras 


r 


ba Я 
n—r—2p—1 | 
(eR И ја 1)(2n—2r—2p-—8) 


23993. 


by (1) .. (13) 
m,, may be easily obtained with the help of (7) and (13). 


Hence m, 2 es. 408, 224-8, uas Т + af 
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acl? 


and thy "Sq, t Ва СУ set +. 


z а] А. а 
+ B esa m I b I 1B, p, 27?" + 


Thus, after the operation, the first element of the last column ів 





=- [E | 


in either case when n is odd or even. 


This element of the last column, multiplied by (—)*"7* gives the 
value of the continuant. 


5. If we omit т from the first element of the continnant of Art. 4, 
the value of the continuant is 


(e-1)(a-Fa)(o-Fa*) ... (z-Fa*71). 


This may be proved by performing the same operation as given in Art. 4. 
Cor. (f). From the continuant of Art. 4 when а==1, we have 








#—$,, => 
1 —2, —@ | 
1 i49 ‚шй | 
(n+1)(n—T) 
ysa (2n=2, 2) 
1, (—) 003,1) 78 
1 (— )'2 ап 
i5 =(1—2)" 


Here (р, ғ) denotes the product (p(p—2)(p—4)...(s4-2)5] 


Oor. (ii) If ш be omitted from the first element of the principal 
diagonal in Cor. ($) the value of the continuant=(1+2)", - | 
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6. Tho continuant ы 


a? al =f 
ak” 
: (a**: —1)(a^-1—1)a z _1 | 
7 (a—1)(a* —1) i i 
(a*** —1)(4*-*—1)а* à —1 
У (a* — 1)(a* —1) i | 





(а* 7: —1)(a—l)a**7? 


(a**7* —1)(a*^71 —1) џ n 


z((a—1)(s—a)(s—2*)...(«—2a*71)) 


‘Proof (+). In evaluating this continuant we are to perform a 
‘successive operations which may be stated thus :— 


If m, denote the multiplier of the r** column and J that of the last 
column, then in the k** operation 


k= pes је ПНЕ 
22 —r—h-42 JLUntr=k+l 


Ud vu 





т, =(= 


1 
and = 


where k varies from 1 to n. In the case of the firat operation 1 ів, 
however, governed by the general rule. 


(тз) We may substitute for the above operations a single operation 
in which m, the multiplier of the r** column will be 


ad qm pue ] 
OB cw ge 


љ—1 п++—1] 
к= pen {в—1)(а—).. (wa) +... 
2r+2 





((z—1)Y(2—a)...(2—2*7771)] 
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Thus in s, the highest power of хів n—* and the co-efficient of 
q"7?^' ip 





n—1 n+r—1 4 
QU La JU sat L ee ° г 
(—)'t" п—т—р 
Ce Gad 
208 : = ITUR _ gà**?—] 





JE EST 


:-:8. à а''+% — 1 
ro ап" 
1-2 154 


Here the last term of the series within the brackets is 
2r--2p—2 р 2r+2p—2 
tm 
pa Cen (==, _) 
ји p r4-p—2 = (У 2r+p—1 
[1]( ем) [1 (С ) 
according as p 18 odd or even. 
Now if in the expression within the brackets we put a= H and 
у= —b*'*1, then we can show that this expression is zero or 


(b—1)(b*—1) .. (b?71—1) 
(b*—1)(b73 —1) ... IHAHA Hby) … @+5”73у)} 





according as p is odd or even.* 


Hence іп m,, the co-efficient of æ"-"-* is zero or — 


sem ors ] [7] 
c аа ere а чт ee утте арро а (15) 
(1 ) (242) | 1( 841) ) 


aecording as р is odd or even. 


* Sse theorem (8) ‘ On а Factorable Continnant," Bull, Cal. Math, Boc., Vol. 14, 
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(її) If we perform the single operation on the continuant then 
the first element of the last column is 


b (= ooh) m,- m, 


• 
та which the co-efficient of 2"-? is 


Le, 
| MS! у 


by (15) in either case when ф is odd or even. 





Hence 


( == ) та =m, = [ ] e-» 


2n—2 
в) 

x {(а—1)(а—а)(а—а*) u^ («— а"71)} we (16) 
(tv) The r-Flth element of the last column is 


(a*** —1)(a*7'—1)a!*7! 


(аа -1) M, Рат uam Mets 





in which, if p be even, the co-efficient of æ*-"-? is 


an {тикш = E 


1 ns 27+5 





T GT am] 
Пе" 


а —1 
— пету“ (ат) (ак ерудит) 


by (15) and (5). 
If p be odd, the co«effücient of a"-7'^* in m, and тула and the 


-r-l-p 


co-efficient of а" in тула are all zero by (15). 


Hence in either caso when p is odd or even, the clement of the 
last column obtained from r+1th row is хеш. Thus all the elements, 
except the first, of the last column, vanish, 


~ 
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(v) The multiplier of the last column is 


n—1 
sde “A а 
(—) CS ) № р 


and the product of the elementa of the lower minor diagonal is 
Qn+1 в—1 | 
[ n+1 ] [ 1 ] One | 
2n—3 2n—1 
Cy ee, 
From (її), (v) and (v) the value of the continuant is readily 
obtained. 





7. If we substitute eL for the first element of the conti- 

nuant of Art. 6, then the value of the continuant 
zíi(s--l)(-Fa)(e-at) ... (ә+а*2)}. 

This may be proved by performing the single operation of Art, 6, on the 

continuant. : 


Oor. ($) From Art. 6, if a=1, we have 





3—, —1, 
n! —1? . 
=, а, —1, 
oa 1.3 PEN 
715 , a, —1, 
n! —(n—1) " 
(2n —3) (2n — * 
= (2—1)". 


This continuant is due to Mr. Datta.* 
Oor. (8) If we substitute «+n for 2— in the first element of the 
continuant of Cor, (f) the value of the continuant is 
(24-1)* 


» Haripada Datta, “On the Theory of Oontinued Fraction," Proc. Edin. Math. 


Вос, Vol. XXXIV. 
Bol, 081. Math. Soo, Vol. XV, No. 4 1926. 
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ON THE EVALUATION OF A Страва OF DEFINITE ÎNTEGRALS 
Br ; 7 S Xx 
AvADHESH Narayan SINGH 
(Caloutta) 
In & review published in March, 1922, in the " Bulletin of the 
American Mathematical Society”, vol 28, pp. 60-61, by Professor 
Dunbam Jackson, the relation 


бо 

sinté 
| j di =log 2 
о 





is given with the following remark, “I do not remember seeing a proof 
of this relation in print; lam personally indebted for various de- 
monstrations of it to Messrs. Grownwall, Landau, M. Reiss and 
I. Schur.” 


The object of the present paper is the evaluation of the general class 


of integrals 


Three methods of arriving at the results have been given by me, and 
each method has been completely worked out with reference to a 
particular ease of the general integral The general integral was 
evaluated by'Prof. T. Hayashi* but the method used by him is open 
to the objection that he obtains his results by proceeding фо сећаш 
limits. One of the methods used by me is that of contour integration 
and I believe that thi» method has never been used by any previous 
writer for the evaluation of the general integral. 

1 take this opportunity to express my thanks to Dr. Ganesh Prasad 
at whose suggestion 1 took ap the work and under whose guidance it 
was carried out. А | 


* Vide Nieuw Archief voor wiskunde, vol, 18, 1921. 
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Case A: m ата n both ода and m>n 





First Method R 
(1) As an illustration of this method we shall evaluate í 
со со 
оба , __ђ| (е'"—е7' =)» 
| v? ==} (2%) ee 
0 








oo 
-| (е? cce iie diee oeg ripple 1, 
0 





(28) 95 
L у z LUI bert? +108' * 
i fo CALE 
and let us consider 
ro 
Е : С 
over the contour О formed by . 


(1) The v-axis from — В to—r, 

(2) the upper balf of the circle | z | =r, (y) 

(3) the z-axis from r to R, 

(4) the upper half of the circle | z | =R, (c) 
where R—>œ and r—>0. 


Now taking the four parts of О separately we have the integral over (1) 


— "У 


= Ag, Ne —— 96° 3° 4 1086'* 
= {poe 2 ЕО T de 
— В, -R 


Putting «=—t, the above becomes 
r 
e 5* —5e715! + 10е-' ' 
БЕ === 
в 
R 
=-| ET? P mm DaT E ate 10в-' ! 


. VU dt, 
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^ The sum of the integrals over aj and (3) is 








R 
(в'5"—е%' 5")—б(е'33—а 152) E D0(ef t —e7*7) 
e | (20) ° a? ? 
T 
R У 
=" di 
= FL 
e » ра 


Let the integral over (2) taken counter-clockwise be denoted by I. 
Then 


= ettr Бев» 4102! 


y 


Oonsidering each member of the numerator separately we have 


irm (tn) 
e's? = Е ets E dz "451 e 
|: «= 2 ] +[ 21; T +| ЕЕ 




















Y \ 
Y Y 
T. (e*t) sr 
e! _| _ et odi d; и | 
| пи - t y aei b 2 Bri ^ 
Y Y 
d d: 
e" "" в; 8; (е) dz? (e'") 
ко =| -3 ], к= T Dis 
у Y 
1=[ __6'5'—Б5е'3' +10е' + ] 
| (23)52.2% ју 
га 4 4 
е ЕС О г, ] 
1 Files: 5(80) || e 1002)» ( e 
tarl 22 ү 46v "xcd à z а |. 
y y y 
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The first and the second expréssions on the right equal 





sin®y ee) ti f 
3s 7^ "Ope ТУРНЕИ | А 
Both of these tend to zero as 7—>0. 
Also z 
в? ks 
—» dimmi, ° 


= ur (6 53" +10) 


== (т)*т 1 1 
tr (84-5 81 4-10). 





The integral over (4) 


= 215: — Ба! ве + 102' + 
-| mere S 





where к is a positive integer, tends to zero аз В ——> o. 


The integral over (4) 


(eftt — беја: 4 10e" y 
(21) 45 


с 
vanishes when В -—»oo. 
Now, as f(z) is holomorphio within the contour О, by Cauohy's 
Theorem 


n | f(z)dz, _. 
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7,6, the sum of the integrals over (1), (2), (3) and (4) is zero. 
"Therefore we get 





• s 
| M do = — quu — 53* 10). 
0 





aS mia 
ин нЕ } 


and integrate over the same contour as in the preceding article. 


Reasoning just as in the particular case above we get 


(a) the sum of the integrals over (1) and (3) 


(b) the integral over (2) taken counter-clock-wise, when r——> 0 





= (ут amd 2 _—О\*-1 пи т— —1) mAT — 
=, ie Deum cR gc о 


ml 


+(—1) 7$. т! * А 
ai —1)) Питон 
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(c) the integral over (4) vanishes when В-— оо, 





sin" € din (£)*7* m в-1 .—1 
| НТ! |» Tom 


1 m! 
HMO) ® штур {уп | 





Second Method 


уН 8 | i 2 (ain) 
| в" ме [- gene lt на) ——- 4% 


є 





вїп*г М = (Gin о im 
тату | +L- ea 3 


M d. 
5 "E MET | ae (sin*z) Р 
(n—1)(n—2) v3 


€ 


qe M 
=| - sin". ў + +[- dars (sin'x) ] 
En (n—1)s7? "t alle 

€ 
(n—1)! х sl 
When є —> 0 and М—— oo, wa get 


oo d'-1 А 
мр“; 1 dot (sin) 
да = о de. 
. zt (n—1)! л 
0 0 
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Now, when т is odd, е 
m-1 
1 


пп" = 7 ias = (0 "O, Bin(m—2r)x 


m—1 


= (sin"z), where n is odd, 


=i 


xi(—) 3 m 5 (= 1) "С, (т ту“ 1віп(о 8). (1) 
=0 


i mbn-2 т—1 


=D * 5 (-1' 0, (m2) sin(m—8r)«. 
r=0 





со 
Ав IE 5 dez, 
2 P4 
• 0 


where p is а positive integer, 





e т+п-? m-i 
sints (—1) 8» 8 „ " 
—— dez ly — 2r 1 
| eo ME DL e ла ас це 
J = 
Third Method 


4, The integral 


(where m and are odd) can be evalnated by the help of the reduction 
formula 


me m(m—1) He m! н 
ые (n—1)—2) Tans (n—1)(n—2) I 
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which can be easily proved. The repeated application of the above 


reduces г to the sum of a number of integrals of the type i (where 
pis odd). The integral È can be evaluated by: expanding the numera- 


tor, which will give sines of жый of a, and dealing with egth 


member separately. 


Case B: m and n both even and mèn 


5. This case is quite similar to case A, and any one of the above 
three methods can be employed. We get the formula 


oo mod 
(sins _ (c^. 2 ые e 
= ali zo (—1) (n 27) ; 
0 
(By first method) 
or А 


m+n puis 
1р7" 2 
=" = (—D'70.(m—27*7. 


(By second method) 
The application of the third method gives integrals of the form 


. oo 
| Bin’ Peg 
aw? 
0 | . 
All these can be evaluated by expanding the numerator and then 
* integrating by parts." 
Case С: m even and п odd, and m» m»1 
First Method T 


6. Contour integration can be employed for the evaluation of this 
case, but we have to choose ғ a contour different fiom the one employed 


in $ 1. 
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As an illustration wo evaluate • 


во со | 
МАРУ cos 4r—4 cos 2r +8 4, 
P 232» | 
: 0 0 
oa fs LE 
Take Ка) = et! —det +5 


98:3 
&nd integrale over the contour Г formed by 
(1) the »-axis from r to R, 
(2) The part of the circle | z | =R lying in the positive quadrant, 
(С) 
(8) The y-axis from {БВ to zr, 
(4) The part of the circle |z | =rlying in the positive quadrant. 
(C) 
Thus we have 


R 
v ated gis 3 sts — Дот; 8 
{ Кг): [oim mta 


T r 


ect rdi uuo (eres, 
d Buys 4 + | is 
R о 
Now, tho first integral 
R 


jos т 


js, 
T 
R | R 
- | cos 4r— 4cos 2r+3 | ein 4-—A sin 25 
ы еркт шаа Sure 
T | | 


й r 


R R 
- | due бан Е ы Bege. a (a) 


r T 
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The second integral MED 


etit ees dg vanishes when R— oo. 
2565 | е 
О 


The third integral 


r | E 
gt dos + ГЕТЕ р 
ии o 567 
R р 
[oo cete] p gu us 
23, 2. 29. 2 у Jy 


| 


2R 


Cog ETT 


DT. ETAT Ag sr £3 ws |- 4e *' — 8a" ] 
Bee 9% Шо 


The fourth integral ^ - 


{= 40843 4, 
ад Ф 


O! 


И diat — m 
а Ји ET i 


+ СЕТИ 


(b) 
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e7*' —4e79 +8 ett] 
UU. ни дер С 


PU 46% '7 43 деве 7 
+7 уне Fr 


ets Qui: E (d) 


Now, as f(t) is holomorphic within the contour Г, by Cauchy's Theorem 


Jo dz, 


T 


če, the sum of the four integrals vanishes. Therefore taking note 
of the fact that the real part in the last two brackets out-side the 
integral sign in (Б) сапбејв with the real part in (d), and thén equating 
the real parts and making H——»oo and r-—>o, we get 

е 


oo oo 


| sinto dr +} ан ду=0 
4? y 


0 0 





But by a well krówn formula* the second of the above two integrals 
is log 2. Hence 


oo 


u » 
Моб; 
| =r da =log 2. 


0 


The general case when m 18 even and n odd can be treated similarly, 
The formula óbtained is 








| dec iiir E = (—1)'"0,(m— 2r)*7 log(m—2»). 
0 


* Bee Todhunter’e Integral Calculus p. 278. 
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• 
Second Method 
6(a). The metbod given in $3, can also be emplored for the 


evaluation of the above case. Before proceeding to ihe evaluation, we 
shall establish, an extension of Frullani’s theorem 


c 
| test) cu же . 
0 
We shall show that 
C 
| aseo eme оке d E 
0 


== {А log a+Bleg + C log e4- ...] 4 (0^, 
where А+В+С+.,.=0 


with the same restrictions on (s) as in the original theorem, (a, b, 
€... being positive). 


Proof: —Yor convenience let us take four terms 
oo 


| {Аф(аг) + Бф(де) + Сф(се) + D$ (de) 2 
0 
се 
-| | (абаа) АФ) ВАА) (0а) —(В+А)Ф (8) 
0 

(САФ ВАС) ог) (АВ d (4) + (AFB4C+D)4 (42) | as. 
The last term vanishes, by virtue of the relation assumed between 
the co-efficients. 


Applying Frullani's theorem to the bracketed parts separately we 
obtain. e 2 
—A(log а —log 5) — (В+ А) log b—log c) -(А+В+С) (log c—log d) 
== {A log a+ B log 5+0 log e+ D log d]. 

This establishes the theorem. 
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7. We now proceed to the evaluation of case C. § 3 gives ^ 


со 








sint —— 1 а HE dE 
М | AUI [es gs 
0 0 
* m being even, we have 
e 1 = t. 
Sin". = CD ST (—1)' °C, cos (m—2r). 
r0 : 
TE rune 
^ dy (sin"*z) 
CE D 
(—1) Y "= 1 а 2 ety “С 2 
= er = (—1)'(m—2v) r cos(m— rjr. 


Putting х=0 in the above we find that 


m-a 


"ST (1) "C (m9 
теб a 


where m is even and s odd, m>n >l, always vanishes. 


Applying the above extension of Frullani's theorem, we get 








oo 
тһе 1 ед.) 
вїп” р UEM (~l) _ + or: rom PET CESR == 
| s da= Е =, (—1) C,(m—2r) log (m—2r). 
0 
Third Method 


8. The reduction formula of $4 can also be employed to evaluate 
integrals of the above type. This method is illustrated by the follow- 


ing example. 
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(a) the integral ° 
oo со oo 
| жыз | | sin? re~“ "dade? 
о оо 


(b) the integral 





oc „Фо оо * 
| sints i| | веле 
т 
0 оо 
Кот, 
oo oo оо се 
| ђе аи, ia | | ре ы, 
0 0 .0 ( 
M нил 
Lt 
»0 1 а 
i MD Ae ата ) 
Е 
And 


e~t *sin*z ахаа 


O A Foam. 
Ови, 


оо осо 
: ў = 5 oe (3—4 сов 2e + сов Феја da 
оо 
M 
= А У 8 Маје па ror eu je 
Муос s а 434-9? gt 4-4? 
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-.'The principal value of the integral I} is given:bÿ 


= Lol 


M М, 
1% 
1_ u OMS _ 4 а ye] 
sou Геј sum KG vent apa Је 
€ о - 
M 


` = эю | , BET. ја 


€ 


meo Гор (+2) ЈЕ 
M—>oo Ё as pat 


log 2. 


9. The case when п:=1 has not been treated. We shall show that 


We consider ihe integral 
пт тт 
|: i =3| віп? TM 
я 1 e 
0 (т—1)т д 
But 
тт т 


їн || БРЗУ à 
2 }@—1ут+у 7. 


(r-lw 0 s 
(by putting w= {(r—l)rty} 
TT T 


| sin? 11. 7 
di > — 37 y dy. 
|. 5 > Mes yey ха 


(#—1)хт 0 
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Expanding and integrating the réght hand side we get 





Hence | x 


Case D: m із odd, nis even, m>n 


10. This case is similar to case C and the method of contour inte- 
gration of § 6 or the method of § 7 gives the formula. 





ps niner 1(т—1) 

віта „__ о он NEXT _.9 
| зеље PGI) 2 ( 7) т 7 log (m— 2r). 
5 . 


11. A method in all essentials similar to $8 can also be applied. 
The method is illustrated by the following example. 


oo со со 


| sin°æ ae | 6743 81052 дада 
a x 
0 0 





pn (віп 5—5 sin 32 +10 gin 2) dida. 
E 


|| 
type 
+ 
———— 
OS 
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The principal value of the integral if given by 


FENCE 
e М-—»оо а а а . 


Р: : = vot 0 (where x 18 & positive integer) 


we get 
| м | a=M 
ý ILE “да =. | 9 совео* 46 - 
« а=е 
rs ie ia 
=x)[-0et0] + | 
: axe axe _ 
- a=M | a=M 
=x 11-0] + [юв] } 
D. 7 axe axe 


и Г M B 
0 
ош er ten вено] 
—>0 а т 

M—>oo * 2 


Ж 


- M 


vie, Denn 0) 


M—>oo es 
M 

me + Lt [+ log sin (ian = à 
€ 


M—> со 
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The principal value of the {Integral is therefore given by 


Lt [5 log sio (tan ) — 5.3. login ( tan 2) 


«> 0 = 
M—> oo 


1 M 
+10 log sin ( tan"! — )] 


int (tan ig ) (вит) 


i 


= Lt = log 
2 ~ 8 
nc is а) 
ol +, -58 x/1)10 
= "gz ЮЕ Axe 
= 5 1065 . 
= ga E ge 


Case E: m and n not restricted to be integers 


12. As the different cases coming under this head can be evaluated 
by the methods dealt with in the previous cases, we shall only give the 
results, and wherever necessary an indieation of the method. : In all 
cases when m is an integer we shall use the formulas i 


oo 
| ends =! Г(а) cogen (фта), 
ш 
- 0 | | 
where (0<a<2); and 


| 52 важе gmb*7? Т(а) ade (fra), (0<а<1),. 


— [Euler] 
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-The several cases that arise üre:— ® 


#3 


(а) m ts odd, and 0 n«2. 


Expanding the numerator and considering each member separately 
we obtain 


ве 


(m= D, 4(m—1) . і gs 
Sin", (—1) se E 
| E dem Tos T. e) sinjnz = ( 1)" "б, (m—2r) . 
9 g | lud 
(Б) m is even, and 0<п<1 “a 
A process similar to the above shows that. 





ә 


(р) mis odd, and п=>8> + с, 0<0<2 (where pts an integer). 
We may use any one of the methods $ 8 or $ 4 The result is 








po m+2p—1 
Duro e he : =" "Ü,(m—2r)*71 
a” 2° P(n) singer 
0 


(d) mis even, n=2p+o,0<c<l (where p is a positive integer). 


The result is 
eo си "а 
sin”. Ф _ (—1) um ПРИМ 
ut de 2" Г(%) E (07 "Оти 
0 


(e) m ts even, n=(2p+1)+c, О<с<1 (where p is а positive integer) 


E set ы, E = 1)" "C, (т 2*7 
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(f) m їз a fraction whore numerBtor and denominator are both odd, n=1, 
motn. 

This is a known case * А 
(g) m is a fraction whose numerator and denominator are both odd, ата я 
ts odd, m>n-+1. 


{ 


This case can be evaluated by the help of the reduction formula $ 4 
or by the method of $ 3, and (f). 


In айба we observe that a large class of integrals can be 
ebtained by transformation, e.g., the class of integrals 


oo 


sin"d(2) (а 
| (ај de. 
9 


* Bee Whittaker's Modern Anslysis, раде 262 


Bull. Col, Math. Soc, Vol, XV, Мо, 4. 


4 
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Ы ON THE STABILITY OF VORTEX RINGS OF FINITE CIRCULAR 
SECTION IN INCOMPRESSIBLE FLUIDS 


By 
Narpenpranarn ӨЕМ 
(University of Сасина) 


In а recent issue of the Bulletin of the Ощсийа Mathematical 
Society,* it has been shewn by me that when the vorticity obeys а 
certain law, it is possible for a ring to move with invariable circular 
section. The law of vorticity and the velocity of translation were 
calculated for a ring of a fairly large ciroular section. The object of 
the preeent paper is to consider the stability of that arrangement. 
I find that the arrangement is quite stable so that even when the 
circular shape of the cross section is deformed slightly the form of the 
cross section varies simple-harmonically but the ring continues to move 
with its velocity unaffected. 


Preliminary remarks and definttions 


2. Let it be supposed that centroid of the vortex flament lies on 
the “ circular axis ” of the ring, 


2o=vorticity, k-zstrength of the vortex, 
e=radius of the circular axis, 
р, Ф, e=cylindrical co-ordinates of any point referred to the centre 


of the circular axis as origin and the axis of the ring as 
z-axis, ' 


r=distanoe of any point from the circular axis, 


@=inclination of this distance to the plane of the circular axis, 
во that p=e—r cos б, 


V —velocity of translation of the ring parrallel to z-axis, 
a=radius of the cross section in the undisturbed position, 

8с md. Iq B. _а 
Iz:log7 —2, эш z A=log = 2, gs 


.- © * Vol 1% p. 247-264. 1924. 
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d* d* d d . 
VE ati T= vote ду =V sing, 


y=Btokes’ stream function, ` 


T с cosh аф 
d^ p" “ot — дер'оовф + р’ 
0 


Then, it can be proved that at any рпоі (р, ¢’, 2’) outside the 
vortex fllament* | 


vg ЈИ уста E-rea 


_„1_,‚4 
=£ [fos “do ais. e de @). 


where the integral is to be taken over any circular section of the 
ring. 


Now, it has been proved previously t that if 


ams Атоов бед," TRS .. (2) 
Әта? 


361+25 1 


where A= 18 ET 





_ ЗВА+15 1 
о | 
at any point of the cross section of the ring, then it is possible for the 
ring to move with invariable circular section. 


8. Next, let the central circle of the ring move to a distance 
«о from the plane of æy, and let the cross section in the disturbed 
position be given by { 201 


r=a [1+3 (a, sin т0+ 8, cos m6)], |. (8) 


* Bul. Oal. Math. Boe., Vol, 13, p. 120. 
| ча. 
+ Do, .- Nol. 14, р: 258 result (18). 
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where am, f, are very small quantities, so that their squares and 
ОШО eba: pan ре а 
^ a From (1), (2) Ф (3), 


• 


• 
y= got ZR 14-A, r’ cos 29- A,r* cos 80 + .. „је“ és de rdrdó J, 


where limit rin given by (3) — .. (4) 


E ae Же nee 
nes ——— ZT 


= о 


JT Qua r3 cos 2844 73 cos 30 + .. y —rVeoa(6—a) rdrdó 


too — nus * р а: 


all + X(a, ein те + В,сов тб) ] _ 
+ d ( 1+4Agr® cos 20--A; n -cos 304.. ‚ )omrveos(s—a) rdrdó ] J 
0 a 


sU cos 204 А r” cos 850+.. 7) 


—M HAT; (сова (8— c)... }rdrdð 


aX(a, inm? + B,cosm) 
: e (1--A, (a --r)*c08204- A „(а 3-r)*co830 +...) 
77 0 90 | Éd - бина — = 


x f 1— (aer) vens (92) 4 (EE eon (0а) } озона 
К 000898) LT (ry) 21, (т'у)сов(#— а) -2I, (ғу)сов2(0—а) eto. 


where I, is Bessel'a function of the n°? * ordér with i imaginary modulna? 


(А а - z a å 
= тека Sr (av)+ } 


* Whittakor- Modern Analysis 171 and 171 Ба, 8. 
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2x ‚ аҖ(а„вїптб + B, eosm8) ME 
‚| | os n atre ренда) 
0 0 a unn А 
Ф 
а е 


[ - | reo, (ту) dr= бо] | и 


, ( ay + КУ 
3 
D] за та 11+ 78- 792 +... 





A,a‘ " ( av? + К 
+ г v*cos2a | 1+ uv +.. 





аА, са 4 азу? es E а 
joz 92083 1+ “307 Me bn -- | += 


jJ gt { I,(av)—21, (аху)вов(#-—-а)-Е...+2(—1)"Те(ах)сов т(@— а). 


C: | ansin mÓ-- В „сов т.0)40 ја 


neglecting at eto. 











_ To aty’ a*y* | А,а* _, a'y* atys - 

== [1+ 8 + 54 +... + -54 Я сов? а(1 + чє + 64 +...) 

4 3178 А 
«2x —»( asinma + f, cosma "e (8) 
4. Now it can be proved that 
PTE (—1)(—8)...(3—%(& 4) —- 
с do : 
* Modern Analysis, р. 366,177, . "s 
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| дз (ld у [14 : 
Also (и ) +(5 i) 





81+5 _ 81—1 А ( 19:+11 
+( -5 совв— — — cos36 y + "2048- 








3072 
СА а ас 
(2 60604 799890) n | 
азе (tit, 
[шыш ышы ы ae 
с н] 
ELE з= да | Вто. | T" 
(LE Frei (CDa! conte 


ES -terms cóntáining powers бе а a 


163 


(6) 


mm 


‚ (11) 
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These results are taken from Dyson's paper “ Potential of an anohor- 
ring " Part I and II Phil. Trans. А, Vol. 184, 1898 pp. 1086-7. 


Hence, from (5) 


at сов 0... + 


kc 14-1. 
[: aas freu 


yum d ein m8 + B, Cos m б] 





neglecting т; and higher powers. ... (12). 


Now, 
man DT maan + = — + — " 18 
‹ oe ( ) 


`. From (3), we have on the surface of the ring, 


=11+ > (а„8 „те + B, cos тд )ја+ а те (ал совтд — B, sin тд) 





+ (а, sin те - В. cos тбја). > (14) 
But 
or 1 Өр _ k 1+1 а 
8f pr 90  9r(o—rcos 6 [ ч А 


+s% улаз ба COSM 9—8. 223 


Macr des 
= l “ш sin + = (ои cos тд — Вы sin 1 
approximately on the boundary r—a to a first approximation. 


Also 





lo. kc 1 
= А ly. 
2% р Әг PEm(c—rcos0) г а 
X ы nearly, when r=a. 
> 2ra’ | 


Also it is easy to see that 





4 
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Hence from (13) and (14) 


2rc 


2. fags sin 0+ (асов m 0— B. sin тд) | 
— sin 0 Zo ; 
sin Ө + сов 6.0. 


маше : И = mk, ii 1 
шаф = | (aa, es aa) sin m6 





+ =( (aBa -- aB, + Mank Jes m 0. 
2Fa 
Substituting the values of 


з eto., eto. 


whence- equating the coefficients of-cosm@ and sin mô on both sides, 
we have, 


a=0, 
в=0, Е 

BT 5 )= Г 8 3 ) 
suy m4 (ate ) = uu а 


кВ, EN 


а at aas — ttg 
B ema дат 


kman а, 


aBs+ ав, + Ота Jar . 
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k* (m —1)* 
dragt 


а„=0, 


a, + 


k*(m—1 
B. D D B. 0, 


which shews that the oscillations are simple harmonic the period being 


417 а^ 
FKm—1)' 


Hence, we find that the motion of the-ring is stable. 


Thick Ring 
5. If the ring be pretty thick, we have from (5) 


= fp at he JS Pee a* (Е a* 
M zi 1+( G m = at} yey tee etu) 
ZA at 14 y Aa’ ' 
_ Agate (( 14. af _e 
64 К edo EE as 55) 


Ass ( E ae us 
a (H85 (= + 





+ 255 (—)"(a, sin та + B, cos ma) 1,(aV7) 1 
_ ke Г dir ( 9+ x 
= Же |: “gg coe et dé ZI 
314-5 Cl 
+ "6i cos 0 19 cos-30 је +... 


c*3: с 


«(8*2 )3 | —оовё+(, ZES 4.00820 үг 
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441 о +008 B at = 
+\ = La jet" IE d a » a 
_ As ac? = 1 А 
а (1 1$ 2e + Ta | —2 cos 384. ... | 


a* ad або. 1 
IE TE (Srs )- | 2m 


OX | cos 29— S08 01.0088 0, | 


+ 5 2 (a, sin m+ 8, con md )]. 
* mr J- 
Substituting the values of 


lb (2 а 


па Ј, 
c de” Хе x) stes 


from di to (11), and neglecting s* and similar terms, 


1+1 + ee 2145 _1 s 
е п-н “> 008 ө + —jg 08 28 Es 
3045. 31—1 r _ 
+( SEES cos 6 — dO cos 80) © stg 1 © сов 


214-3 с 20 4141 cos 39 ) T 
«(3 Ra )* EL cos ga, 28 z} 


_ 8644-26 a 1 364425 | ot 
т l t | 


7392 ^^ 192 |» 
cos 8--cos 30 | AL 36А + 25. 
x {ен Cu c re | јада 


881415 } с | 
E me Le ( кру 


=” 


+55 (an sin тд: +. B. сов mb.) | ' 
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= 1-3 EL cos 84, ( Z5 _ 1 cos 26) © 


* 


e 
3145. 81—1 а" jè с 
+ (ES cos 6— 197 езе) + | | 008 8 e 





21+3 ‚сов =) 4141. — on) T 
t а= + E + gg 80+ F 


_ 9644-26 ofc es o* <; ( ә cos 9 + сов 30 ) 
ET cos 0 + ——— cos 2 0 — Par 


+ “+17 26 со в 80 E Z ( an sin тё + Ba сов mo ) |. 
768 8? 











Br _ 10ÿ _ ko [PELE ain Dor 
t pr 08  Zwr(c—r cos 6) puc P Ld 
3:+5 . _ 3-1 . r3 ot ie. _ sin 28 
64 "n а) tee à 
ÉLUS у | LL 


4 es of (-2sin 28 + tnd + Sein 87) 


- Sen -Z sin in 30 + =“. T ( а. вов ий — B. sin mé ) | 





On the surface of the ring from (3) 


ә. k ~ A1 
5: zi [ 1--с cosÓ-Fo* cos* 0+ ... ] [ u sin 6 


_ 94 Bin tes cos 26 sin 0 + йс sin 20—c^ ( ub ai 
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_ sin 201 _ (AH sine 2 ain 36 ) | + 36\+95 „шо 
g 





2 32 384 
344-2 (s sin сааи Seas 
| + i Ф sin 20- с ag p ud sin 36 


+S 1 ( a, сов т0— Вы sin тд ) | 
= E Ats E 9+ TEM + (sin 36-F-sin a} 
LY 


== рели em ein 20+ 0 ВЕ = ба д—сов 36) 
16 2 8i 





+В, (sin 88—sin 6) }+ OH аз sin @+ а (cos 6--cos 36) 


| 
хоро 


(sin 80-Евїп b)+ = 1 (а, сов тб— B sin m8) | 


А 


LE Го of 185, 604211 +) 
= So [sin of СБ” + 7e 7 





+= = ( a, сов mÓ— fl, sin m8) | | … (5) 


N.B. In the above, the value of 9: has been calculated correct о 


o*; a, B, being supposed to be very small, Caa, сд, ete., have been 
rejected in comparison with ал, Ва, etc. Further, it can be proved that 
a,, В, are of order ota,, c*B, and have, therefore, been left out of 
consideration; for, the centroid of the vortex filament being supposed 
to lie on the circular axis of the ring, 


R 2r 
TI or сов 6 rdrd0 —0, 
00 


, 


В 2r 
Г] or sin 9 rérd6=0, 
00 


where limit R is given by (8). 
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From the first equation antl from (2) we have after a little 
simplification, 


Bi MBA at + Ва A dh Ёз. А, Pat Zo, шо, | 
which shows that 8, is at least of the order A,a*f,, t.e., „с“ B, and oan 
therefore, be rejected in comparison with B, eto. 

Similarly а, can be shown to be of the order g*a, and can, therefore, 
be rejected in comparison with "a, eto. 

Also 


фе — ly 55 
р Or 


Since it is evident from (14) that we'are to :caloulate аб correct to . 


- we have on the surface of the ring (3), 
g 
у kc l1 k i . 
as шс б ышы cem m do … 116 
ag 2r(c—r cos 0) v &( =) approsimiatoly 16) 
> . 
Ав before, 
Or ы; Or d. OU бе? 
aero Oz, EE. т° Os, r?’ 


Hence.from (13), (14), and (15) (16), we have, 


га Фа (an sin тд+ B, cos m0) - a тб (a, cos тв— Ви sin тд) 
ma? 


љав(ам sin m+ B, cos-m6) 


_k : 4XA--5 , 604--1l , 1 ( 
= [vino (AH + 768 o)+ 25 a, сов тб 





— f. sin mb) -Vein 0+6 cos 6, 
or 


а + {sin mo ( à а +a 2 уб.) 


==> 


+ cos mô (4 paroi. len) 


STABILITY OF VORTEX RINGS 171 


Е Г. „(44+5 60411 12,1 ( | 
=; Гао ан + 768 Seis a, сов тб 





дио 


—В. sin мө) | -У sin + 5 oos: 


Hence equating the co-efficienta of sin тд and cos тб ete. fot 
different values of m, we have 


v. k ү 4X5 , 604-11 >) 
va Àj 8 t 766° / 
а =0, 
c=0, 








2ra 2ar 
. ; kma, _ ka, 
a Bate Bat Ота Дат. 
ie., 
па = + Вет 1), 
ва жи), 
fe, 


which shews that the oscillations are simple harmonic the period being 


4? а* 
k(m—1) | 


Hence we find that the motion of the thiok circular vortex ring is 
stable. ' 
6. In the above we have got the result correct to о? but the method 
can be readily extended to find out the stability correct to higher 


~" 


ротегв ов o. 
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We find that the velocity of translation remains uneffeoted,* viz 
k (4+5 | 601411 d 
дио 8 768 А к 
ex Š М 
• 
Hence the ring continues to move with its previous velocity though 
iis form varies simple harmonically. : 


* Bee Bul. Cal. Math, Вос. Vol. 14, result (15). 


Bul, Дај. Math. Вос., Vol, XV, No. 4 


А NOTE ON THE TIME IN HYPERBOLIC ORBITS 


~ ~ 


Вт ^ 


Внорехрва Craxpëa Das 
(Unireraity of Calcutta) 


The time of describing any arc in terms of two extreme radii and the 
chord has been given by Euler in case of parabolic motions of comets 
and by Lambert in-case of elliptic motions of planets in very neat forms, 
A corresponding result in case-of hyperbolic orbits (which are-aleo 
possible forms of the orbits under the law of universal gravitation) is 
given ip Plummer's book on Dynamical Astronomy, using hyperbolic 
functions, Below is given a different proof leading to different form 
of the samo result. , 


Evidently in this case, о denoting the true anomaly of any 
position P, | 
до — _Фла У 
= 20, мї, 
r a ћ= ^ plz "ту 


where a, and т, are the mean distanca and the periodic time of 
the Earth, 


Thus measuring time from the instant of perihelion 


= $ Р = 
Ў To | r'dv 
tz ——; а 
2ra 3 Vi 5 
„0 


Now « denoting the eccentrio "—À of the position P, on the 
hyperbola 


r=a(e seo u— 1), d и и E o tanu. 
| AUS : .a(e—sec t) VG e—seo# 


and ло 


7 his AE sect du. 
а `євосцч- 
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Hence we get • 


ч 


t= Те (2 32 sec u—1) кбо u du 


о 


А . 
= Tof{ 2 = LET US 
= 2 (2) [etanu logtan( т + :)]. 


Тһе time of describing any arc PP' is therefore given by 


- 


ms ИСЕТ tan( T + HAS 3)! | 


J 1 
= 2 (2 P eseou suc sin “—" cos 70 
gr 2 2 


. 


š —log f seou sec u/(1+ein a!) (l—sin 21 | 


wand v denoting the eccentric angles for the points P and Р; 


and as 


(1+4sin w)(1—~sin wu) = 1+ (sin м — 810 +) —sin w sinu 


ћ 
z1l-F2sin = cos e — i { сова!) — cos(u +) | 





1 # | 
=2sin EE оов EE + | | 1—cos(u’'—u) } + 5 { Lees) | 


s 
t 
=( cos == +sin "Y ) 


we get 


Tc x ) резом seo w Bin аи > cos м 


—log Í sec и seo (о cos Tis + віц a y || e (i) 





b 
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W e also have ы 
r==a(e sec u— 1), 
+ v'zza(e sec ti == T). 
Во that 


ти ==а[е(вес + seo и) — 2] 





i t 
Ы =2a| овес u вео! сов t T сов gta]. ae кер ЧИ) 


є. 


Again, к denoting the chord PP’, 


x! == а! (sec и! —вес u)? + 53 (tan w'—tan u)’ 


TN | р 1 
= <Фа3 вести Beo? u/ віп? > | sins "t + (e* —1)cos* = У | 





2 
з А Ye | u—u ui 1 a 
zz4a*soc'u вес? sin “37 67 COR? mn — COB ti сови |. ... (ii) 


2 


Lot us substitite 


# 
и ty ts 
в^/зес веси’ сов =" ==веб а, 














ИН НИЧУ. ? 
and sec и secu’ сов = = =>08 ; 
, , 
and as сов? ТИ sin? $7 сов u оова, 
identically, the last assumption gives 
инат I 
„Лвесивоси sin “—" = ап £, 
(1), (8), (88) now become respectively 
ть (а Y 
= g(t ) [sec а tan &—log(see B--tan B)*], … … Gy) 
уфу' =2а[вес а вес 8—1], s via EN .. (v) 
к=а tan a tan B. " ET m .. (1) 
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Finally substitute • | Е 
веса вес B -- tan а tan B=sec 7 
… (vi) 
sec a вес B—tan a tan f seo 7 • 
• 
-@ 


Then 
tan*y=sec*y7—1=(sec a sec В + tan а tan 3)? — (secta —tan*a) 
= (веса tan B +вес 8 tan a)* 
gives ` | 
tan y=seca tan B + sec В tana 
| e. (viii) 
and similarly tan т =вео а tan В-— вес В tan а у 
From (vii) and (viii) we easily derive 
tan 7 + tan 7 =2sec a tan B, 
вес 1 (ап 7==(веба + tan a) (sec B + вал fl^, 
sec эу + tan зу == (800 a—tan a) (seo B -- tan В), 
and so _ (sec gt tan y) (вес ау + бал 1) = (вез B + tan 8),* 
• 
Equations (iv) to (vii) now give 
fU + к=2а (вест —1) 
S» (ix) 
r- 1! —к=2а вес 1—1) 


and  . zs ~ 
T° [а i r П ' hl 
"= ( (tan 7 +tan y') — 105 (вео 7 + tan 7)(вео у + бал y)]... (x) 
9 
The auxilliaries у апа зу being given in terms of r, 7 and к by (ix), 


>the time of deseribiug the arc is given by (x). 
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NOTES AND NEWS 
INSTITU: DB MATHÉMATIQUES 


de l'Université de Strasiourg 


En outre des cours fondamentaux à programmes permanents en 
vue des examens de licence et d’agiéuntion, les cours de recherche 
suivants seront profeseés en 1024-25 et intéicsseront particulièrement 
les candidats au diplôme d'études supérienies et aux Ductorats 
d'Université ou d'Etat. | 


Premier Semestre : Norembre 1924 à Février 1596. 
M. Bauer: "Théorie des quanta (2 h. par semaine). 


M. Cerf: Solutions singuhères des équations différentielles et 
~ sux dérivées partielles (1 В.) 


M. Fréchet: Théorie des ensembles abstraits (3 h.) 


Second Semestre : Mara 1925-Juin 1926. 


M. Bauer: Constitution des atomes (2 h.) 

M. Fréchet : Représentation d’une loi empirique раг une formule. 
Adjustement (3 h.) 

M. Thiry: Un chapitre de l'hydrodynamique (2 b) 

M. Valiron : Théorie nouvelle des fonctions entières et méromor- 
phes (2 h.) 

M. Villat: Recherches sur certaines généralisations do l'équation 


différentielle de Lamé et sur la théorie des 
surfaces minima (2 h.) 


- ERRATA 
Page Line For Read 
139 “ Grownwall . Gronwall 
129 7 Вејна Riesz 
141° 2 amg iis . — 27 3 
74e +3 [ 6—48 4е -2R 48 
148 7 — HU. US 
. [-° Or Re ^ R’ 9*R3 
149 7 that the real part, ete. thatthe-partin the last two 
brackets outside the integral 
sign in (8) cancels with 
© part in the first two brackets 
“a (4) 
149 ° 12 log2 | — log? 
151 4 сов (m —2r) cos (m—2r)« 
151 last live i 1 
~ aM М 
153 2 | | | 
о € 


156 last line | see sec 


